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In this supplementary material, we give the detailed proofs for some lemmas, theorems and
properties.

Appendix A.
Appendix Al: Proof of Proposition 1
Proof Using Theorem 1, we have
2
plw)=1—w+ iy
Hmmn

Obviously, it is desirable to have a small convergence factor p(w). So, we minimize p(w) with given
1. Then we have

Ln
wy =mun/2 <1 - =~
N / 1—Ln
and m
p(w*):1—¥>0.

The above two inequalities imply that

<1—&—401—\/1—1—160%_1+4c1—\/1+166% md pe E
= 27, 2c1mp n mu’
where ¢; = L/(my) > 0. This completes the proof. [ |
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Appendix A2: ASVRG Pseudo-Codes

We first give the details on Algorithm 1 with w=1 for optimizing smooth objective functions such
as fo-norm regularized logistic regression, as shown in Algorithm 3, which is almost identical to
the regularized SVRG in (Babanezhad et al., 2015) and the original SVRG in (Johnson and Zhang,
2013). The main differences between Algorithm 3 and the latter two are the initialization of
and the choice of the snapshot point z°. Moreover, we can use the doubling-epoch technique
in (Mahdavi et al., 2013; Allen-Zhu and Yuan, 2016) to further speed up our ASVRG method for
both SC and non-SC cases. Besides, all the proposed algorithms can be extended to the mini-
batch setting as in (Nitanda, 2014; Kone¢ny et al., 2016). In particular, our ASVRG method can
be extended to an accelerated incremental aggregated gradient method with the SAGA estimator in
(Defazio et al., 2014).

Algorithm 3 ASVRG withw =1
Input: The number of epochs 5, the number of iterations m per epoch, and the step size 7.
Initialize: z{ = 2°, m; = n/4, p > 1, and the probability P = [p1, ..., py].

I: fors=1,2,...,5do

2 V=130 Vi@

3 fort=1,2,...,msdo

4: Pick 4; from {1, ..., n} randomly based on P;

5

Vi (@3_1) = [Vfi(@5_y) — Vi, @ D] /(nps,) + Vs

6w =ai - [Vh(ei) + Veleio)];

7:  end for

8: Tt = 7715 ZT:SIZL]?’ x8+1 = Scfns, Msy1 = min({pmsj ) m);
9: end for

Output: z°.

Appendix A3: Elastic-Net Regularized Logistic Regression

In this paper, we mainly focus on the following elastic-net regularized logistic regression problem
for binary classification,

1 ¢ A
in — Y log(1 —bial =zl 4+ A
féﬁ@n?zl og(1 +exp(~bia; 2)) + [l + Azlzs,

where {(a;, b;)} is a set of training examples, and A;, A2 >0 are the regularization parameters. Note
that fi(z) =log(1+exp(—bia] x))+ (A1 /2)[|l|*.

In this paper, we used the two publicly available data sets in the experiments: Covtype and
RCVI1, as listed in Table 1. For fair comparison, we implemented the state-of-the-art stochas-
tic methods such as SAGA (Defazio et al., 2014), SVRG (Johnson and Zhang, 2013), Acc-Prox-
SVRG (Nitanda, 2014), Catalyst (Lin et al., 2015), and Katyusha (Allen-Zhu, 2018), and our ASVRG
method in C++ with a Matlab interface, and conducted all the experiments on a PC with an Intel
i5-4570 CPU and 16GB RAM.
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Table 1: Summary of data sets used for our experiments.

Data sets Covtype RCV1
Number of training samples, n 581,012 20,242
Number of dimensions, d 54 47,236
Sparsity 22.12% 0.16%
Size 50M 13M

Appendix B. Proof of Lemma 2

Before proving the key Lemma 2, we first give the following lemma and properties, which are useful
for the convergence analysis of our ASVRG method.

Lemma 1 Suppose Assumption 1 holds. Then the following inequality holds
~ 2 ~
B[ [9ritei) - Vi) || < 2L@ ) - fet) + (V. - 7). a0

where (-, ) denotes the inner product (i.e., (x,y)=xTy for all x,y€R?), and L =max; L;/(p;jn).
When p; =1/n (i.e., uniform random sampling), L=Lpax:= max; L, while L= Layg = %Z?:J/j
when p; = L;/ Z;L:le (i.e., the sampling probabilities p; for i € {1,...,n} are proportional to
their Lipschitz constants L; of Vf;(+)).

The proof of Lemma 1 is similar to that of Lemma 3.4 in (Allen-Zhu, 2018). For the sake of
completeness, we give the detailed proof of Lemma 1 as follows. Their main difference is that
Lemma 1 provides the upper bound on the expected variance of the modified stochastic gradient
estimator, i.e.,

6fit(xffl) = [Vflt(xffl) - vfit(5571)] /(npit) + 67

while the upper bound in Lemma 3.4 in (Allen-Zhu, 2018) is for the standard stochastic gradient es-
timator in (Johnson and Zhang, 2013; Zhang et al., 2013). Obviously, the upper bound in Lemma 1
is much tighter than that in (Johnson and Zhang, 2013; Xiao and Zhang, 2014; Allen-Zhu and Yuan,
2016), e.g., Corollary 3.5 in (Xiao and Zhang, 2014) and Lemma A.2 in (Allen-Zhu and Yuan,
2016).

Proof Now we take expectations with respect to the random choice of ¢, to obtain

| (Vhalaf 1) - V@)

D - [Vhilaio) = VG

1

an

(2

Il
SRS

Il
—

[Vfi(zi_y) — Vfi(@*h)]

(2

Vf

wi_q) = VF@ ).

—~
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Theorem 2.1.5 in (Nesterov, 2004) immediately implies the following result.

IVfi(zi_1) = VAGE | < 2Li[f(@7Y) = filwio) + (Vhilwiy), =iy — &),

Dividing both sides of the above inequality by 1/(n?p;), and summing it over i =1,...,n, we
obtain

2

n 1 .
> oIV ) — VA
i=1 '

<2L[J@ )~ flai ) + (Vi) @i - 3],

Using the definition of Vf;, (z5_,) = [Vf;,(z5_,) — Vi, @)/ (npi,) + VF(Z*~1), (11), and
(12), we have
7

(12)

(1)~ 2
B [¥idat 1) - vrtat 0|

V@) - Vi)

npi,

_E HVf@sl) Vi)

% Hszt(J?f,l) - vfit(5571) H2]

it

<E

n2p
1o 1 o

= 2 oo Wit = Vi@
i=1 "

< QE [f(fsfl) _ f(xffl) + <Vf(xf71)7 xffl _ 5571>]7

where the first inequality follows from the fact that E[|E[z] —z|?] = E[||z|?]—||E[z]||* < E[||z]|?],
and the second inequality holds due to (12). |

Property 2 (Lan (2012)) Assume that z* is an optimal solution of the following problem,
min g}z — z0|* + h(2),
where h(z) is a convex function (but possibly non-differentiable). Then for any z € RY,
A=) + 12" = 20ll® + Sl = 217 < h(2) + Sll= - =l

Property 3 Assume that the stochastic momentum weight ws in Algorithm 2 satisfies the following
conditions:

(,U(]gl—

and = , (13)

a—1 w w

where o = 1/ (En) Then the following properties hold:

4 2 2
\/ Wy + 4Ws—l — W51 2

Wg = 9 OJ5<

2
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Proof Using the equality in (13), it is easy to show that

4 2 2
\/ Ws—1 + 4(“)371 — W1
> 0.

2

ws =

In the following, we will prove by induction that ws < SJ%Q Firstly, we have

1 2
wp<l——<1=—.
a—1 0+2
Assume that ws_1 < S%, then we have
\/ wy_y + 4wl —wi 2
CL)S == =

2 4
1+‘/1+w3_1
2
<
1+ 14 (s+1)2
2

< .
T s+2

This completes the proof. |

Proof of Lemma 2:

Proof Let V, := [V iidai_y) = Vi@ )] /(nps,) + V(@5 1). Suppose each component func-
tion f;(-) is L;-smooth, which implies that the gradient of the average function f(z) is convex and
also Lipschitz-continuous, i.e., there exists a Lipschitz constant L > 0 such that for all z,y € R,

IVf(x) = VIl < Lllz =yl

whose equivalent form is
Ly 2
1) < $@) + (V@) y—2) + Ly — 2l

Moreover, it is easy to verify that Ly < Layg = + .7 L;j < L. Letn =1/(La)and a > 2
be a suitable constant, then we have

L
F@) < fei) + (Vi) af = ai) + S ad - ap ||

L
< Flai) + (VI @) =i )+ 5 i — i
L(a—1
@D g g 19

i
= flai ) + (Vi) @] —af )+ S lad — i -

=~ La L(a—1
= Flai) + (Vo — i)+ g - g PO g a2

+ (V) = Vi, i)
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EKVf(mf,l) — Vi, 7 — xfflﬂ

5 5 ||

IN

E 5)

QL(Q_HW i) - +72
LG = Sl + (V). oty - 2] + 2O g e ]

a—1

IN

where the first inequality holds due to the Young’s inequality, i.e., a”b < ||a||?/(20) +6||b||?/2 for
all 6 >0, and the second inequality follows from Lemma 1.

Taking the expectation over the random choice of ¢;, and substituting the inequality (15) into
the inequality (14), then we have

s s o s s La s s s
E[F(z)] < f(z{_1) + E <Vt7 Ty — xt—1> + 7”% - xt—lHQ + g(xt)]

+ L [f(%s—l) _ f(xf—l) + <Vf(x§_1) th = %s—1>]

a—1

< flwi_y) +E|ws <6t7 yi — yts—1> +

Laws 1

lys — vii|I” + ws1g(yf)]

1

+ (1= we)g(@ ) + — [FEY) = flai) + (VS (i), @iy =271
§f0ﬁ1)+E¢%4<6uxtﬂﬁ1>+za;_lww—WtNP—\Z—yH|%H%qg( J
(= )g(@ )+ [FE) — fai) + (Vi) wi, — 7))
=f@;o+El”§ Ll gy 2l — 5 12) +wamrg(a) | +(1 s )g (@)

+ (V7). et + (1= )BT )
S@ )= f(agy)
-

FE[(~Vfi@ )+ V(@ ), wema™ (1-ws)T5 =2y ) |+

Law?_,
2

= [(z{q)+E (l* =iy I = ll2* = |1*) +ws-19(a*)

i <Vf (e7); wsmaa + (1= wslﬁs-lxz_1+ci1<xf_lr—l>>
1 ~
+—— (@) = f(z71)

a—1

(16)

where the first inequality holds due to the inequalities (14) and (15); the second inequality follows
from the facts that 25 = 75! + w1 (5 — 2°71) = ws1yy + (1 — ws_ 1), 2§ — 27 | =
ws—1(Y; — yi_1), and

9(wsm1yf + (1= ws)T 1) S wimrg () + (1 —wim)g(@ ).
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Since y;’ is the optimal solution of the problem (5), the third inequality follows from Property 2 with
2 =yi,z=1a% 20 =y;_ 1,V = Laws_1 = ws_y/nand h(y) := (Vi, y — y;_;) + g(y). The first
equality holds due to the facts that

Ws—1 <%t7 z* — yts—1>
= <€t, w12 4 (1 —ws_ 1)z ! — acf_1>
= <Vfit(xf71), ws_lx*—i-(l—ws_l)fsfl—xf71>
+ <—Vfit(58_l)+Vf(fs_l), ws_lar*—i-(l—ws_l)ffs_l—xf_l> ,
and E[Vf;, (z{_;)] = Vf(z{_,), and the last equality follows from the fact that
E[(-=Vf, @) + V@), wemrz® + (1 — wem)T5 1 —25_4)] = 0.

Furthermore,

o 1 s
<Vf(33§_1), (1 - ws—l)xs ! + ws 12" — -Tf_l + r(xf_l -7’ 1)>

1
S * 1 ~s—1 1 S S
= (Vf(zi 1), ws—12" + (1 —ws—1 — ﬁ)m R S R
. . (17)
< f<ws_1:u* + (1 —ws—1 — ﬁ)fs_l + a_ll‘f—1> G
1 ~g— 1 S S
<ws-1f(z¥) + (1 —Ws—1— a_1> F@ )+ Ef(fﬂt—l) — f(zi ),

where the first inequality holds due to the fact that (V f(z), y — ) < f(y) — f(x), and the last
inequality follows from the convexity of the function f(-) and the assumption that 1 —w;_1 — ﬁ =
Ly

1—ws_1— i > 0. Substituting the inequality (17) into the inequality (16), we have

T .2
E[F(e})] < f(zf_y) + E| 222

(l* =i I =llz* =7 |1*) +wsag(a") + (1 -ws-1)g (@)

1 e 1
w1 f(2) + (1 —Ws—1 — a—l) @+ ﬁf(xf—ﬁ — flai )
1 e
+— (@) = flai)
* ~s5—1 EO&W?_I * s 2 * s(12
= ws 1 F(@*) + (1 —we ) F@ ) + — Eflle* — i1 I = ll=* — v/ 11%] -
Therefore, we have
E[F(zf) — F(z")]
ol anQ_
<(1—ws )E[[F(@* )= F(z")] + 5 LE[||lz* — yiy|1® — [l — yi]?].
Since
. 1 m . 1 m 1 m )
z° = — d F|— S1< =N F
T m;xt an m;xt _m; (z7),
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by taking the expectation over the random choice of the history of random variables ¢1, - - - , i,, on
the above inequality, and summing it over t = 1, - - - , m at the s-th stage, then we have

E[F(z°) - F(z)]

Law?

< (1-w )E[F@E ) - Fe)] + =5 2 Elle* 45 — lla* ~ 3l
e w?_
= (1-we ) E[F@ ) = F)] + 5B [l =i~ " -yl
This completes the proof. |

Appendix C.
Appendix C1: Proof of Theorem 3

Proof Since the regularizer g(x) is u-strongly convex, then the objective function F'(x) is also
strongly convex with the parameter /i > f, i.e. there exists a constant 7z > 0 such that for all 2z € R?

F(a) 2 F(a) +¢" (@ —a*) + Sl —a*|%, V& € 0F ("),

where OF (x) is the subdifferential of F'(-) at z.
Since 0 € OF (x*), then we have

Fe) = F(a*) = Slle —a*|* = Slle — 2| (1)

1

Using the above inequality, Lemma 2 with w, = w for all stages, and y§ = 2°*, we have

E[F(z°) - F(z)]

~04w2
< (- WE[FE™) - F@)] + g — g~ o* — g3 l]
~aw2
<(1-wE[F@*) — F(2¥)] Lum [F(z51) — F(2¥)]
anQ ~s—1 *
— (1—w+ o )E[F( ) — F(z*)]

where the first inequality holds due to Lemma 2, and the second inequality follows from the in-
equality in (18).
This completes the proof. n
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Table 2: Theoretical suggestion for the parameters 1, w, and m.

Condition Learning rate n Parameter w Epoch Length m
mu/L € [0.68623,145.72] 2,/1/(umL) 2\ /mu/L O(n)
otherwise 1/(5L) 1/5 2L/

Appendix C2: Proof of Corollary 4

For Algorithm 1 with Option I, the theoretical suggestion of the parameter settings for the learning
rate 7, the momentum parameter w and the epoch size m is shown in Table 2.

Proof Using the inequality in Theorem 3, we have

w2 o
EW@%—F@U%;G—w+MWJ [F(z%) — F(z¥)).

i = /=L o=, /"% =
Then by setting n = pepy AL 12T for some constants a and b, m = O(n), we have

w? \*° b—a [mp o
pm) b? L

which means that our algorithm needs

2 T ~0\ *
S—0 b | L 1OgF(ac) F(x)’
b—al\ un €

epochs to an e-suboptimal solution. Then the oracle complexity of Algorithm 1 with Option I is

O(S(m+mn))=0 i ﬁlog —F(io) — Fa")

b—a €

Next we need to find the constants a, b as well as a region for mpu/ L that makes the above bound
valid subject to some constrains,

Ln

O<w<l-— —.
1—Ln

19)

By substituting our parameter settings, we get

. =
Tofme (L) 20 <
b\l L ab a\l pm

In order for the above inequality to has a solution, the constants a and b should satisfy the following
inequalities:

b>a>0,
ab < 3 —2v2, or ab> 3+ 2V2.
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Table 3: Theoretical suggestion for the parameters 1, w, and m.

Condition Learning rate n Parameter w Epoch Length m
m/L < 3/4 1/(3L) (m)/(3L) o(n)
mu/L > 3/4 1/(4mypy) 1/2 O(n)

Suppose that the above inequalities are satisfied. Let (1, (2 with ¢; < (2 be the solutions to
22/b— (1/ab+ 1)z + 2/a = 0, if mu/ L satisfies

m
¢ < TM <, (20)

~ 5.0 *
then the oracle complexity in this case is O < nL/ulog w
For example, let a = 2.5, b = 12.5, then the range in (20) is from approximately 0.68623 to
145.72, that is, myu/ L € [0.68623,145.72].
Now we consider the other case, i.e., out of the range in (20). Settingw = 1/5,n = 1/(5f),

m = 2L /1 (one can easily verify that this setting satisfies the constraint in (19)), we have

2

1—w+ =0.9.

prma

Thus, the oracle complexity for this case is O <(n +7 /1) log w> |

Appendix C3: Proof of Corollary 5

For Algorithm 1 with Option II, the theoretical suggestion of the parameter settings for the learning
rate 7, the momentum parameter w and the epoch size m is shown in Table 3.

Proof Using Lemma 2 and ws = w, we have
2

E[F(@) = F()] < (L= w)B[F@E ) = FE)] + 5Bt = gl = = )

Let A, = F(&%) — F(z*), A = ||]z* — y§||%. the above inequality becomes

E[AS} <(1- w)IE[AS_l} v 2‘;;;1@ A5 — A%

Subtracting (1 —w)]E[A s] to both sides of the above inequality, we can rewrite the inequality as

E[A] < "YE[A A+ %Lm]E A5 — A%

w
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Assume that our algorithm needs to restart every S epochs. Then in S epochs, by summing the
above inequality overt s = 1...S, we have

S
- 1— - -
S E [AS] < "“g [AO — AS} + 2 E[AL—AS)
= w 2nm
< (1 ket + ~ )A07
w nmu
where the last inequality holds due to the p-strongly convex property of Problem (1). Choosing the
initial vector as xy®" = é le z° for the restart, we have
1—w w

X w nmi
Aper < R,

By setting S =2 - (1_7‘” + ﬁ), we have that Ay decreases by a factor of 1 /2 every S epochs.

So in order to achieve an e-suboptimal solution, the algorithm needs to perform totally O(log %)
rounds of S epochs. N N
(I) We consider the first case, i.e., mu/L < 3/4. Setting m = O(n), 1/(3L) and w =

\/(mp)/(3L) < 1/2 (which satisfy the constraint in (19)), we have S = O(1/L/(n)), and then

the oracle complexity of our algorithm is

O<5‘O(logw> '(m+n)> =0 ﬁlogw

(II) We then consider the other case, i.e., mu/L > 3/4. Settingm = O(n), n = 1/(4mpu) <
1/(3L) and w = 1/2 (which satisfy constraint in (19)), we have S = 6 € O(1). Therefore, the
oracle complexity of our algorithm in this case is

0 <n10gF<f°>‘F<$*>> .

In short, all the results imply that the oracle complexity of Algorithm 1 is

0 <(n—|— nL/p) log F(””O);F(:”)> .

This completes the proof. n

Appendix D. Proof of Theorem 7

Proof Using Lemma 2, we have

1 N 1 — ws_ o L
E[F(#*) - P(a*)] < — 2 B[F@E ) - F@)] + SB[l = il - 2= vl
-1 Ws_1 m
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forall s = 1,...,S. By the update rules y§ = y5, ! and (1 — ws)/w? = 1/w?_|, and summing the
above inequality over s = 1,2, --- , S, we have
1 EF"'S F(x* <1_w0 F"'O F(x* ZO(E * 0112 * S |12
S B[FG) - F@) < T [FE) - F@)] + 2oB[ et~ bl - o ~ i
5-1 0

Using Property 3, we have

ws < 2 and wozl—anL =1- 11,
s — Ly a—
where v = 1/(Ln). Then
E[F(Z°) — F(a")]
4a—1 ~ . 2La
_(a—;)2(5‘)|‘1)2 [F(mo)—F(I )}+m(5+1) [Hm —yOH —Haj ymH ]
4 a — ~ ~
< oD (P60 - P + 2B e -
This completes the proof. n

Appendix E. Proof of Lemma 9
Before proving Lemma 9, we first give the following lemma (Konec¢ny et al., 2016).

Lemma 2 Let & €R? foralli=1,2,...,n, and £ := % Sy & bis the size of the mini-batch Iy,
which is chosen independently and uniformly at random from all subsets of [n|. Then we have

2 n
1 = n—=ob 2
gz&—ﬁ < nb(n_l)gngﬂ :

i€l

Proof of Lemma 2:

Proof We extend the upper bound on the expected variance of the modified stochastic gradient
estimator in Lemma 1 to the mini-batch setting, i.e., b > 2.

E [H%f[t(xfl) - Vf(Ccfl)HQ]
%Z [Vfi(xi_y) = V@] /(nps) + V@) = Vf (25_4)
icl,

< b(?zi—l)ﬁ Z np: HVfi(azf_l) — Vfi(ms_l)H
i=1

2

2L(n — b)

< S FE T~ flai) = (Vi) &7 —aiy)],
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where the first inequality follows from Lemma 2, and the second inequality holds due to Theorem
2.1.5 in Nesterov (2004), i.e.,

|Vfi(x_1) — Vfi(fs_l)’f < 2L [fi(@7Y) = filaiy) — (Vfilziy), 271 — a7 )]

This completes the proof. n

Appendix F. Proof of Theorem 10

The proof of Theorem 10 is similar to that of Theorem 7. Hence, we briefly sketch the proof of
Theorem 10 for the sake of completeness.

Proof Let _
o1 TOIn )
1—-Ln a—1
where o = -, and y = 7°, then we have
E[F(z*) — F(z7)]
4la —1)7(b) ~0 * 2La * _ ~0]|2 * 2
F —F —E - — -y
(a—=1—=7(b)%(s+1)2 [F@) (@] + m(s + 1)2 [Hx I Ea | ]
4(a — 1)T(b) ~0 * 2 *x _ ~012
F —F —E — .
T (a=1=7(b)%(s+1)2 [F@) (=) + nm(s+ 1)2 [Hx 2| }
This completes the proof. |
References

Z. Allen-Zhu. Katyusha: The first direct acceleration of stochastic gradient methods. J. Mach.
Learn. Res., 18:1-51, 2018.

Z. Allen-Zhu and Y. Yuan. Improved SVRG for non-strongly-convex or sum-of-non-convex objec-
tives. In ICML, pages 1080-1089, 2016.

R. Babanezhad, M. O. Ahmed, A. Virani, M. Schmidt, J. Konecny, and S. Sallinen. Stop wasting
my gradients: Practical SVRG. In NIPS, pages 2242-2250, 2015.

A. Defazio, F. Bach, and S. Lacoste-Julien. SAGA: A fast incremental gradient method with support
for non-strongly convex composite objectives. In NIPS, pages 1646-1654, 2014.

R. Johnson and T. Zhang. Accelerating stochastic gradient descent using predictive variance reduc-
tion. In NIPS, pages 315-323, 2013.

J. Konec¢ny, J. Liu, P. Richtarik, , and M. Taka¢. Mini-batch semi-stochastic gradient descent in the
proximal setting. IEEE J. Sel. Top. Sign. Proces., 10(2):242-255, 2016.

29



SHANG JIAO ZHOU CHENG REN JIN

G. Lan. An optimal method for stochastic composite optimization. Math. Program., 133:365-397,
2012.

H. Lin, J. Mairal, and Z. Harchaoui. A universal catalyst for first-order optimization. In NIPS, pages
3366-3374, 2015.

M. Mahdavi, L. Zhang, and R. Jin. Mixed optimization for smooth functions. In NIPS, pages
674-682, 2013.

Y. Nesterov. Introductory Lectures on Convex Optimization: A Basic Course. Kluwer Academic
Publ., Boston, 2004.

A. Nitanda. Stochastic proximal gradient descent with acceleration techniques. In NIPS, pages
1574-1582, 2014.

L. Xjao and T. Zhang. A proximal stochastic gradient method with progressive variance reduction.
SIAM J. Optim., 24(4):2057-2075, 2014.

L. Zhang, M. Mahdavi, and R. Jin. Linear convergence with condition number independent access
of full gradients. In NIPS, pages 980-988, 2013.

30



