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ABSTRACT 

A r e f u t a t i o n a l sys tem o f l o g i c f o r a l a n g u a g e 
o f o r d e r w i a p r e s e n t e d . T h i s langage i s a 
s l i g h t m o d i f i c a t i o n o f C h u r c h ' s \ - c a l c u l u s w i t h 
t y p e s . The sys tem i s c o m p l e t e , i n the sense 
t h a t a r e f u t a t i o n o f a s e t o f sen tences e x i s t s 
i f and o n l y i f t h i s s e t does n o t possess a g e n e ­
r a l H e n k i n m o d e l . The m a i n r u l e o f i n f e r e n c e i s 
a g e n e r a l i z a t i o n o f R o b i n s o n ' s r e s o l u t i o n t o 
t ype t h e o r y , w h i c h a l l o w s u s t o g e t r i d o f t he 
s u b s t i t u t i o n r u l e . 

INTRODUCTION 

D u r i n g t he l a s t decade , a l o t o f e f f o r t i n 
a u t o m a t i c t heo rem p r o v i n g has been d e v o t e d t o 
m e c h a n i z i n g f i r s t - o r d e r l o g i c . The m a i n a c h i e ­
vement has been t he d e f i n i t i o n by J.A*Robinson14 
o f a now w e l l - k n o w n r e f u t a t i o n a l f i r s t - o r d e r 
s y s t e m . I t s u n i q u e r u l e o f i n f e r e n c e , c a l l e d 
r e s o l u t i o n , i s a n e l e g a n t way o f c o m b i n i n g t h e 
s u b s t i t u t i o n and c u t r u l e s . The o t h e r f a m i l i a r 
r u l e s o f inference are i m p l i c i t l y t a k e n c a r e o f 
b y S k o l e m i z a t i o n and t h e s e t r e p r e s e n t a t i o n 
( c l a u s e s ) o f t h e c o n j u n c t i v e n o r m a l f o r m o f t he 
s e t o f s e n t e n c e s one w a n t s t o r e f u t e . More p r e ­
c i s e l y , r e s o l u t i o n p e r m i t s u s t o s e l e c t j u s t the 
s u b s t i t u t i o n s w h i c h a re n e c e s s a r y f o r t h e c u t o f 
two o r more l i t e r a l s . M o r e o v e r , i f t h i s c u t i s 
p o s s i b l e a t a l l , o n l y one such s u b s t i t u t i o n i s 
s u f f i c i e n t , c a l l e d the most g e n e r a l u n i f i e r o f 
the two l i t e r a l s . Th i s e x i s t e n c e o f a most g e n e ­
r a l u n i f i e r be tween two t e rms i n f i r s t - o r d e r l o ­
g i c i s f u n d a m e n t a l t o t h e r e s o l u t i o n m e t h o d . 

Many a t h e o r e m p r o v i n g p r o g r a m was w r i t t e n based 
o n t he r e s o l u t i o n r u l e , embody ing v a r i o u s h e u r i s ­
t i c s t o speed u p the s e a r c h f o r a r e f u t a t i o n . 
However, r e s u l t s o b t a i n e d s c f a r are s t i l l v e r y 
l i m i t e d w i t h o u t human h e l p . T o remedy t h i s s i t u a ­
t i o n , some w o r k e r s i n t h e f i e l d , n o t a b l y 
Rob insonJ have a rgued f o r t h e e x p l o r a t i o n o f 
more p o w e r f u l sys tems o f l o g i c such a s C h u r c h ' s 
\ - c a l c u l u s . 

HIGHER ORDER UNIFICATION 

The s i t u a t i o n i n h i g h e r - o r d e r l o g i c i s q u i t e 
d i f f e r e n t f r o m f i r s t - o r d e r . Mos t g e n e r a l u n i ­
f i e r s d o n o t e x i s t any more ( G o u l d 1 ) . 
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CONCLUSION 

I t i s d i f f i c u l t t o make any e f f i c i e n c y 
a s s e r t i o n f r o m s e a r c h l e s s examp les . However, 
one o f the most i m p o r t a n t h e u r i s t i c r u l e s t o 
use i n t h i s system would b e t o t h row o u t c l a u s e s 
w i t h c o n s t r a i n t s w h i c h are o b v i o u s l y n o t u n i f i a -
b l e . I n p r a c t i c e o f cou rse mos t c l auses w i l l b e 
r e c o g n i z e d a s such , t h e r e b y r e d u c i n g s h a r p l y t he 
number o f p o s s i b l e d e r i v a t i o n s . 

Types i n t h i s l o g i c p l a y a m u l t i p l e r o l e . 
F i r s t , t h e y p e r m i t us t o have \ n o r m a l f o rms 
f o r a l l t e r m s . Second, t h e y can b e used t o s o r t 
o b j e c t s o f d i f f e r e n t n a t u r e , and so we g e t r e s ­
t r i c t e d q u a n t i f i c a t i o n w i t h o u t add ing cumbersome 
a d d i t i o n a l l i t e r a l s . F i n a l l y , a s a consequence 
t h e y r e s t r i c t the s e a r c h f o r u n i f i e r s . 

This system uses the cons t ra i n t s mechanism to 
delay as much as possib le the process of u n i f i ­
c a t i o n . This has two advantages. F i r s t , the dee­
per we go in a r e f u t a t i o n , the more i n fo rma t i on 
we gather about the s t ruc tu re of the terms we 
need to s u b s t i t u t e . This reduces our search 
space f o r u n i f i e r s ( i n t u i t i v e l y , the more a rgu ­
ment-value p a i r s we know, the less f unc t i ons 
e x i s t whose graphs conta in these pairs). 

Second, we j u s t need to check f o r the e x i s ­
tence of some u n i f i e r , we do not need most gene­
r a l ones. This permits us never to consider the 
u n i f i c a t i o n of two terms whose heads are v a r i a ­
b les , such as : 

These cases are the most d i f f i c u l t ones to 
consider f o r most general u n i f i c a t i o n , but they 
are t r i v i a l when we need only check f o r e x i s ­
tence of u n i f i e r s (take any constant f u n c t i o n ) . 
Ac tua l l y we need to compose only two elementary 
u n i f i c a t i o n processes ( ca l l ed i m i t a t i o n and 
p r o j e c t i o n ) , whereas to get most general u n i ­
f i e r s F ie t rzykowski and Jensen13 need fou r , the 
other two being the most p r o l i f i c ones indeed. 
This is because when we consider a p a i r such as 
f ( A 1 , A 2 , . . . , A ) and F(B1,, B2......,B ), we know 
something d e f i n i t e about the s t ruc tu re of the 
common instance ( i t must begin w i th an F) and 
so we have a "handle" on the u n i f i c a t i o n p r o ­
cess. 

A disadvantage of the de lay ing of u n i f i c a ­
t i o n is tha t we Diay generate clauses whose cons -
t r a i n t s cannot be s a t i s f i e d and t h i s is why 
some processing of these cons t ra in ts is neces­
sary . In many cases we w i l l know a most general 
u n i f i e r of some cons t ra in t and t h i s u n i f i e r 
should be appl ied to the c lause. In other cases 
we may know that no s u b s t i t u t i o n w i l l u n i f y the 
cons t ra i n t s , and then we should delete the 
c lause. There is a t r ade -o f f here in the amount 
of u n i f y i n g whi le searching which should be done. 

Automatic theorem proving is undoubtedly 
more d i f f i c u l t here than in f i r s t - o r d e r l o g i c . 
However our h igher -o rder language permits us 
to s ta te many theorems in a more concise way, 
and r e f u t a t i o n s tend to be a l o t sho r te r . For 
ins tance, in our examples, we used set v a r i a ­
bles in a very na tu ra l way (using t h e i r charac­
t e r i s t i c p r e d i c a t e s ) . We could get a l l the 
p r o p e r t i e s of E w i t h a p p l i c a t i o n , o f comple-

mentat ion w i t h l a n d of union w i th V . Also the 
abs t rac t ion mechanism o f \ - c a l c u l u s replaces in 
a nice way cumbersome comprehension axioms. 

However we might s t i l l need use some axioms 
of d e s c r i p t i o n s , to assert the existence of 
c e r t a i n func t ions : 

When we need to subs t i t u t e non-atomic propo­
s i t i o n s f o r predicate va r iab les ( v i a s p l i t t i n g ) 
r e f u t a t i o n s tend to become messy and unna tu ra l . 
The system should be improved on t h i s p o i n t , 
maybe by rep lac ing s p l i t t i n g by ru les c loser to 
na tu ra l deduct ion. This would also a l low us to 
get r i d o f the i n i t i a l r educ t i on to clause form, 
which is not always des i rab le , and to use w e l l -
known techniques to decrease the complexi ty of 
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r e f u t a t i o n s ( E r n s t 7 ) . On ly t h e n can we hope t o 
d e a l w i t h p r o o f s b y i n d u c t i o n i n a s a t i s f a c t o r y 
way. 

I n c o n c l u s i o n , w e have p r e s e n t e d i n t h i s 
paper a sys tem o f l o g i c w h i c h i s a g e n e r a l i z a ­
t i o n t o C h u r c h ' s t ype t h e o r y o f R o b i n s o n ' s r e s o ­
l u t i o n . Th i s sys tem seems w e l l s u i t e d t o mecha­
n i z i n g p r o o f s w h i c h r e q u i r e complex s u b s t i t u t i -
t i o n s f o r f u n c t i o n v a r i a b l e s , a s shown i n a few 
h a n d - s i m u l a t e d examp les . S u b s t i t u t i o n s o n n o n -
a tom ic p r o p o s i t i o n s f o r p r e d i c a t e v a r i a b l e s are 
n o t d e a l t w i t h i n a v e r y s a t i s f a c t o r y way y e t , 
and some improvement i s needed t h e r e . Our s y s ­
tem w i t h o u t e x t e n s i o n a l i t y i s e q u i v a l e n t t o 
Andrews ' s y s t e m . However i t i s amenable t o a u t o ­
m a t i c t r e a t m e n t because the s u b s t i t u t i o n r u l e 
has d i s a p p e a r e d . Our sys tem w i t h e x t e n s i o n a l i t y 
ought t o b e e q u i v a l e n t t o P i e t r z y k o w s k i ' s s y s ­
tem, and i t i s c o n j e c t u r e d t h a t i t i s more e f f i ­
c i e n t . A p a r t i a l i m p l e m e n t a t i o n i s i n p r o g r e s s 
a t I R I A , m e c h a n i s i n g c o n s t r a i n e d r e s o l u t i o n 
w i t h o u t s p l i t t i n g . T h e emphasis w i l l b e p u t o n 
the h e u r i s t i c r u l e s f o r p r o c e s s i n g c o n s t r a i n t s 
d u r i n g t he r e f u t a t i o n . 
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