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A b s t r a c t 

The paper p resen ts a s e t - t h e o r e t i c a l d e f i n i t i o n o f 
t he c l a s s i f i c a t i o n p r o b l e m , and t h e n d iscusses and 
i l l u s t r a t e s by examples t h e a p p l i c a t i o n o f t he 
v a r i a b l e - v a l u e d l o g i c sys tem VL. t o t h e s y n t h e s i s o f 
m in ima l ( o r s i m p l e s t ) c l a s s i f i c a t i o n r u l e s under cost 
( o r s i m p l i c i t y ) f u n c t i o n a l s des igned by a user f r om 
a v a i l a b l e c r i t e r i a . 

I n t r o d u c t i o n 

Paper i n t r o d u c e d a concept of a v a r i a b l e - v a l u e d 
l o g i c (VL) system and d e f i n e d a p a r t i c u l a r VL sys tem 
c a l l e d VL1 . One of t h e b a s i c assumpt ions u n d e r l y i n g 
t he concept o f a VL sys tem is t h a t eve ry p r o p o s i t i o n 
( c a l l e d a VL f o r m u l a ) and a l l t he v a r i a b l e s i n t h e 
p r o p o s i t i o n ( u s e d t o r e p r e s e n t any o b j e c t s , e . g . , 
o t h e r p r o p o s i t i o n s ) are a l l o w e d t o accep t t h e i r own 
number o f t r u t h - v a l u e s wh ich are p r o b l e m - and 
seman t i cs -dependen t . From the v i e w p o i n t o f f o r m a l 
l o g i c , t h e concept o f a VL sys tem is an e x t e n s i o n o f 
t h e concept o f a many-va lued l o g i c sys tem. 

One o f t h e a p p l i c a t i o n s o f t h e VL. sys tem i s t h a t 
i t can be used as an i n d u c t i v e sys tem wh ich when 
s u p p l i e d w i t h ' n u m e r i c a l names' o f o b j e c t s , t h e i r 
a t t r i b u t e s , r e l a t i o n s between the o b j e c t s o r t h e i r 
p a r t s , e t c . , can i n f e r a d e s c r i p t i o n o f o b j e c t s o r 
o b j e c t c l a s s e s , w h i c h i s S i m p l e s t i n a w e l l - d e f i n e d 
sense , and a l s o wh ich i s a g e n e r a l i z a t i o n o f t he 
i n p u t i n f o r m a t i o n . 

(AT to the power union) ve w i l l assume that 

(4) 

Thus, f o r each object o there ex is ts at least 
one object class containing i t . Index j of class K. 
is ca l led the numerical name of Kj. The set J indexing 
classes AT.; j 

2 

(5) 

is ca l led the family of numerical class names. 

In general , the index J can assume not only num
e r i c a l values "but non-numerical names given to classes 
Kj, and then J is ca l led the family of class names. 

As an example, consider the universe of ob jec ts , 
0, to be a group of people. The universe of represen
ta t ions , R, can be , e . g . , a set of p ic tures or voice 
records of these people; a set of t h e i r f i n g e r p r i n t s ; 
numerical data descr ib ing t h e i r he igh t , sex, ha i r color, 
medical tes t r e s u l t s , and so on; a set of statements 
character iz ing each i n d i v i d u a l , and, a l so , a se t -
t h e o r e t i c a l sum of any two or more of the previous sets. 
The family of class names, J, can be, e . g . , the set of 
the names of people in the group or a set of l i s t s wi th 
names of those who are short w i th blue eyes, f a t or 
ba ld , have M.Sc. or Ph.D. degrees, e tc . (In the second 
example, sets of class names may not be d i s j o i n t . 
Though the usual tendency is to c lass i f y objects i n t o 
d i s j o i n t classes, the case of n o t - d i s j o i n t classes is 
a lso , in general , o f i n t e r e s t . ) 

I m p o r t a n t f e a t u r e s o f V L 1 are t h a t t h e f o rmu las 
o f t h e sys tem have ve ry s imp le i n t e r p r e t a t i o n and can 
be very e a s i l y h a n d l e d and e v a l u a t e d by a g e n e r a l 
purpose computer ( a n d , as w e l l , by a human) , e s p e c i a l l y 
u s i n g p a r a l l e l o r p a n t l l e l - s e q u e n t i a l t e c h n i q u e s . 
A l s o , t he sys tem i a w e l l s u i t e d f o r c l a s s i f i c a t i o n 
prob lems w h i c h are i n t r i n s i c a l l y n o n l i n e a r . 

The paper p r e s e n t s a s e t - t h e o r e t i c d e f i n i t i o n o f 
t he c l a s s i f i c a t i o n p rob lem and t h e n d i s c u s s e s an 
a p p l i c a t i o n o f t h e sys tem V L 1 t o t h e s y n t h e s i s o f 
m i n i m a l c l a s s i f i c a t i o n r u l e s under v a r i o u s cost 
f u n c t i o n a l s . Two examples are g i v e n . 

S ta tement o f t h e C l a s s i f i c a t i o n Prob lem 

L e t 0 denote a non-empty s e t o f p h y s i c a l or 
a b s t r a c t o b j e c t s , c a l l e d t h e u n i v e r s e o f o b j e c t s . Le t 
K denote a f i n i t e non-empty ( f . n . ) s e t , c a l l e d t h e 
u n i v e r s e of r e p r e s e n t a t i o n s of t h e o b j e c t s o E 0. Let 
K denote a f . n . s e t o f subse ts o f 0 , c a l l e d t h e f a m i l y 
o f o b j e c t c l a s s e s : 

Let : 

T denote a r e l a t i on between and ca l led the 
reference r e l a t i o n : * 
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c(H ) - 2, c(H) = 2, c(H5) = 5 and the card ina l i t y 
of H, c(H) = 5, the formula is in terpre ted as an 
expression of a func t ion ; 

f: E(8 ,6 ,2 ,2 ,5) + {0 ,1,2,3,4 (25) 

Note that i f T = ( 0 , 0 , . . . , 0 ) , then <denotes 
the lexicographic order In the usual sense. In t h i s 
case, A w i l l be speci f ied j us t as A = < a - l i s t > . The 
T - l i s t allows a designer to ' so f ten ' the r i g i d 
a t t r i bu te p r i o r i t i e s assuned in the a - l i s t . 

In order to use VL1 formulas as c l a s s i f i c a t i o n 
ru les , the representations of objects should be in the 
form of vectors whose components are discrete v a r i a 
b les . Thus, i f some var iables used to characterize 
objects are continuous, t h e i r ranges of v a r i a b i l i t i e s 
should be resolved i n to discrete un i t s . The number of 
these uni ts should be selected as the minimum which 
provides s u f f i c i e n t accuracy ( to f a c i l i t a t e computa
t ions) and can be d i f f e ren t f o r each var iab le . 

To specify a funct iona l A one selects a set of 
a t t r i b u t e s , puts them in the desirable p r i o r i t y order 
in the a - l i s t , and sets values for tolerances in the 
i - l i s t . Thus, the funct iona l is very simple to formu
l a t e , as wel l as to evaluate, and also it seems to be 
we l l f i t t e d to human i n t u i t i o n in many appl icat ions. 

Minimal VL1 .Formulas 

In general , there can be a large number of VL1 
formulas which express a given VL funct ion. Therefore, 
a problem arises of how to construct a formula, which 
is minimal under an assumed cost (or opt imal i ty ) 
func t iona l , 

Cost funct ionals are usually s tated as a l i nea r 
funct ion of certa in parameters mu l t i p l i ed by weights 
oeing rea l numbers. Such funct ionals can, however, be 
inconvenient from the computational, and, as w e l l , the 
appl icat ion viewpoint (they require mu l t i p l i ca t i on and 
addit ion operat ions, which can be a disadvantage when 
a large set is searched, and i t is of ten d i f f i c u l t to 
state weights which r e f l e c t we l l the i n t u i t i o n , 
usual ly guiding a designer of the func t iona l ) , There
fo re , in program AQVAL/l (see next section) a. func
t i o n a l A measuring minimal i ty of VL1 formulas was 
assumed to be in a d i f fe ren t form, namely: 
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L —the set of events which s a t i s f y * the & - t h te rn in 
the sequence of terms in V w i t h the constant k 

sk —number of terras . & ,—to ta l number of terras in V 
wi th the constant k Fk = { e j f ( e ) = K) 

(This a t t r i bu te was designed to capture the ' s i z e ' of 
general izat ion r esu l t i ng from the formula as compared 
to ' t rue facts '—events spec i f i ed in the input data.) 

VL1 Formulas as C lass i f i ca t ion Rules (Examples) 

In t h i s chapter ve i l l u s t r a t e , by two examples, an 
app l ica t ion of the VL1 system to the synthesis of 
c l a s s i f i c a t i o n ru les . The examples are very simple; 
t h e i r purpose is to provide an ins igh t i n to the 
p r i n c i p l e s , rather than to invest igate the boundaries 
o f app l ica t ion p o s s i b i l i t i e s . 

Example 1 

Suppose there is given a set of e ight ob jec ts , as 
shown in Figure 2, and it is known ( re la t i on T) that 
those denoted belong to the class w i t h numerical 
name 1 { b r i e f l y , class 1), and those denoted to 
class 0. 

The problem is to f i n d the simplest ( in some 
spec i f ied sense) r u l e , which characterizes objects of 
class 1 as opposed to objects of class 0. 

(To make the problem c lear ly understood, Suppose 
that objects were.mixed up. The r u l e , which is to be 
found, could then be used to restore the o r i g i n a l 
c l a s s i f i c a t i o n w i t h the minimum cost—according to 
some cost f unc t i ona l . ) 

In order to apply the VL1 system to t h i s problem, 
a l l objects should be described by sequences of values 
of cer ta in va r iab les , tha t is, by events or event sets 
of some event space E(h1, h 2 . . . ,hn) . Then the problem 
becomes that of f i nd ing a VL1 expression for a funct ion 

f: E (h1 ,h2 , . . . ,hn) - (0,1) (31) 

such that f (e ) = 0,1 fo r e E RO, R , respec t i ve ly , 
where; 

0 ,1 - represent classes 0 and 1, respect ively 

RO,R1 - are event sets represent ing objects of 
and respect ive ly . 

Suppose that some specia l ized procedures have been 
developed which can i d e n t i f y in the objects such com
ponents as rectangles, t r i a n g l e s , t rapezoids, c i r c l e s , 
and e l l i p s e s . 

A simple descr ipt ion of every object could then 
be by spec i fy ing how many times each such component 
appears in every ob ject . Let us accept, as a f i r s t 
t r i a l , t h i s k ind of descr ipt ion as object representa
t i o n s . 

such that f (e } = 0,1,2 fo r e e R , R , R , respect ively 
( i . e . , f o r e : R U R1 U R2 the value of f is not 
r e s t r i c t e d ) . Let us determine a c l a s s i f i c a t i o n ru le 
fo r 0 U 0 based on R i n t o J - {0 ,1 ,2} as a VL1 
formula expressing f , b r i e f l y , a VL1 expression f o r f . 
A VL1 expression f o r f minimal under func t i ona l : 

<t,z,s (33) 

where t - number of terms, z - number of d i f f e ren t 
va r iab les , s - number of se lec to rs , ( t ha t i s , an expres
sion which has the minimum number of terms, the 
minimum number of d i f f e ren t variables f o r that number 
of terms, and the minimum number of selectors fo r that 
number of terms and var iables) determined using the GLD 
representat ion o f the funct ion f , i s ; 

Figure 3 shows the sets of cells which correspond to 
terras of the formula. The formula gives a r u l e : If 
an object has one rectangle and one t r i a n g l e , then it 

* 'GLD' stands f o r Generalized Logic Diagram which is 
a planar model of a space E(h1,........,hn). 

* By set of events which sa t i s f y the_ term T is meant 
the set of a l l events which sa t i s f y every se lector in T. 
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<t,g> (37) 

where t - number of t e r m s , and g - t h e degree of 
g e n e r a l i z a t i o n ( 3 0 ) , found u s i n g t h e GLD r e p r e s e n t a t i o n 
o f f , i s : 

<38> 

Assuming t h e f u n c t i o n a l < t ,g> means t h a t we want 
t o m in im ize the number o f ' r u l e s ' wh ich are needed to 
c l a s s i f y o b j e c t s ( terms i n a f o r m u l a ) , and a l s o , w i t h 
secondary p r i o r i t y , we r e q u i r e a m in ima l 'degree of 
g e n e r a l i z a t i o n ' r e s u l t i n g f rom these r u l e s ) . 

I t can be observed in Table 1 t h a t t h e event 
e = ( 2 , 3 , 3 ) , wh ich i s t he on l y event wh ich s a t i s f i e s 
t h e second t e r m of (38) , can be removed f rom 
and the r e s u l t i n g r e p r e s e n t a t i o n R w i l l s t i l l be a 
d i s j o i n t r e p r e s e n t a t i o n o f o b j e c t s . T h e r e f o r e , t h e 
f o r m u l a : 

(39) 

(wh ich i s t he f o r m u l a (38) w i t h o u t second term) i s a l so 
a c l a s s i f i c a t i o n r u l e . (39) g ives a r u l e : i f a g iven 
o b j e c t has a r e c t a n g l e , t r a p e z o i d o r e l l i p s e on t o p o f 
two o r one (out o f two) c i r c l e s , then i t be longs to 
c l ass 1 , o t h e r w i s e t o c l a s s 0 . 

Comparing (38) and (39) we can say t h a t ( 3 8 ) , 
though more comp l i ca ted ( i n sense of f u n c t i o n a l <t> ) , 
g ives a d d i t i o n a l i n f o r m a t i o n , w h i c h , i f a p p r o p r i a t e l y 
used , may speed up the c l a s s i f i c a t i o n p r o c e s s . 

Let us now assume as a cost f u n c t i o n a l t he 
f u n c t i o n a l : 

{140) 

where s is t he number of s e l e c t o r s and z t he number of 
d i f f e r e n t v a r i a b l e s . Assuming t h i s f u n c t i o n a l means 
t h a t we want t o o b t a i n p o s s i b l y s imp ly d e s c r i p t i o n ( i n 
t h e sense o f < t , s , z > ) w h i l e p e r m i t t i n g a g r e a t e r 
g e n e r a l i z a t i o n wh ich may a r i s e f rom i t . Two min ima l 
VL1 express ions f o r f under < t , s , z > (assuming t h a t 
does not i n c l u d e t h e event ( 2 , 3 , 3 ) ) e x i s t : 

(41) 

(42) 

( 4 1 ) g ives a r u l e : i f i n a g iven o b j e c t , a n y t h i n g 
( s i nce x6 was dropped) is on t o p of two or one ( o u t of 
two) c i r c l e s , t hen i t be longs t o c lass 1 , o t h e r w i s e t o 
c lass 0 . g i ves a s i m i l a r r u l e : i f , i n a g iven 
o b j e c t , t h e r e are two c i r c l e s n o t c o n t a i n e d i n a n y t h i n g , 
then i t be longs t o c lass 1 , o the rw ise t o c lass 0 . 

Cons ide r i ng a l l o f t he above f o r m a l l y found r u l e s , 
i t seems t h a t t h e y are c lose to what a human i n t u i t i o n 
c o u l d suppo r t a s c l a s s i f i c a t i o n r u l e s . A l s o , compar ing 
(38 ,39 ) w i t h ( 4 1 . 4 2 ) , i t seems t h a t t he measure o f t h e 
'degree o f g e n e r a l i z a t i o n ' , s p e c i f i e d b y g , i s r e l e v a n t 

Since the o b t a i n e d r u l e s c l a s s i f y a l l o b j e c t s 
c o r r e c t l y , t h e r e i s no need t o cons ide r d e s c r i p t i o n s 
wh ich use a l l e i g h t v a r i a b l e s . 

Example 2 

F igu re 4 shows two s e t s o f s m a l l ' p i c t u r e s ' , 
R1 and R , which r e p r e s e n t c e r t a i n o b j e c t s f rom two 
c l a s s e s , 1 and 0 , r e s p e c t i v e l y . These ' p i c t u r e s ' a re 
g r a p h i c a l n o t a t i o n s o f v e c t o r s {x1,x2, . . . , x 9 ) , where 
v a r i a b l e s x 1 , i = l , 2 , . . . , 9 , cor respond t o p i c t u r e 
elements as shown be low: 
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be longs t o undec idab le c l a s s ; i f i t has 0 o r 2 
t r i a n g l e s and 0 e l l i p s e s , or 1 t r i a n g l e and 1 e l l i p s e , 
then i t be longs t o c l ass 1 ; i f none o f t he p rev ious 
c o n d i t i o n s h o l d s , then i t belongs to class0i (Bote 
that the formula involves only three variables x1,x0, 
and x5 out of f ive, i . e . , requires measuring only the 
number of rectangles, triangles, and ellipses.) The 
formula has a disadvantage that it cannot classify 
correctly a l l objects and also seems to be rather 
complicated. 

Let us now try to extend the universe of 
representations to obtain a disjoint representation of 
objects. An obvious way to do so seems to also 
include in the object descriptions information about 
spacial relationships between object parts. Suppose 
that the specialized procedures not only can name the 
object parts, but also can determine binary relations 
such as 'on the le f t o f , 'contains', 'on top of 
between adjacent object components. New variables 
have, therefore, to be introduced. Let x6, x7, and x8 
be variables such that: X6, and x7, represent the le f t 
and right elements (object components), respectively, 
in a binary relation which relates any two adjacent 
components. Their domains, H6 and H , are sets of 
numerical names of a l l object components which can be 
distinguished and uniquely named in any object: 
H6 = H7 = {0,1,...........,7), where 0 represents a rectangle, 
1 - a triangle or a le f t triangle if there are two 
triangles, 2 - a right triangle if there are two 
triangles, 3 - a trapezoid, 4 - a circle, 5 - a left 
or upper circle if there are two circles, 6 - the 
right or lower circle if there are two circles, f -
an ell ipse; X8 represents binary relations between the 
values of x6 and x7, if these values are names of 
adjacent components in an object. I ts domain, Hn, 
consists of numerical names of those relations (from 
a universe of relations which specialized procedures 
can detect), which actually appear between adjacent 
components in any object: II,. = [0,1,2 ,3], where 0 
represents 'none of the relations holds',1 - 'on the 
left of' , 2 - 'contains', 3 - ' on top o f . 



Domains of v a r i a b l e s are Hi = { 1 0 , 1 , 2 , 3 } . 
Elements o f H i are g r a p h i c a l l y r e p r e s e n t e d by 
d i f f e r e n t shadows g iven to p i c t u r e e lements (as shown 
in t h e l owe r p a r t o f F i g u r e i t ) . Sets R1 and R0 are 
d i s j o i n t , t h u s , R = R0 U R1 is a d i s j o i n t r e p r e s e n t a 
t i o n o f o b j e c t s . The u n i v e r s e o f r e p r e s e n t a t i o n s i s 
here E ( 4 , 4 , 4 , 4 , 4 , 4 , 4 , 4 , ) o r b r i e f l y E ( 4 + 9 ) . 

The p rob lem i s t o f i n d a c l a s s i f i c a t i o n r u l e 
based on R i n t o s e t { 0 , 1 ) , w h i c h I s t h e m i n i m a l 
a c c o r d i n g to some assumed f u n c t i o n a l . 

A c l a s s i f i c a t i o n r u l e based on R i n t o { 0 , 1 } i s an 
e x p r e s s i o n f o r a f u n c t i o n 

(43) 

such t h a t f ( e ) = 0 , 1 f o r e R0 , R1 , r e s p e c t i v e l y , 
w i l l Seek a c l a s s i f i c a t i o n r u l e by s y n t h e s i z i n g a VL1 
e x p r e s s i o n f o r t h a t f u n c t i o n . As a cos t f u n c t i o n a l 
l e t us assume t h e f u n c t i o n a l : 

We 

(44) 
Program AQVAL/1 has been appl ied to t h i s problem 

and produced the fo l l ow ing quasi-minimal formula under 
the funct iona l A: 

(45) 

Figure 5 shows a graphical representat ion of 
i n d i v i d u a l terms in (45). means that the cor
responding var iab le ( i n order to sa t i s f y the approp
r i a te se lector) should have value equal to 2 or 3; \W\ 
means t ha t the var iable should have value not equal 
to 0; * denotes i r r e l evan t va r iab les ; the meaning of 
the other ce l ls is analogous. 

As we can see, the formula depends in t o t o on 
f i ve var iables out of n ine. • 

It can be of i n te res t to compare t h i s so lu t ion 
wi th resu l ts obtained by other approaches to the 
above problem. 

The fo l low ing four resu l ts were generously 
suppl ied by Mr, T. J. Mueller ( resu l t A) and 
Professor E. Gagliardo ( resu l t s B, C, and D) of the 
Univers i ty of Oregon. 
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Conc lud ing Remarks 

1 . Presenter , concepts and t h e c l a s s i f i c n t i o r i 
method are of genera l a p p l i c a b i l i t y . They can "be 
e s p e c i a l l y u s e f u l i n s o l v i n g d e t e r m i n i s t i c c l a s s i f i -
c a t i o n problems wh ich a r e ; 
— i n t r i n s i c a l l y n o n l i n e a r ( e . g . , when each c l a s s i s 
r ep resen ted by a number o f independent ' c l u s t e r s ' 
i n a r e p r e s e n t a t i o n space) o r 
—when v a r i a b l e s are measured on nomina l s ca l e ( i . e . , 
va lues o f v a r i a b l e s are l a b e l s ( ' n u m e r i c a l name?.') 
o f c e r t a i n independent o b j e c t s and , t h e r e f o r e , 
a r i t h m e t i c r e l a t i o n s h i p s between these va lues have ■ 
no meaning) o r o r d i n a l s ca l e ( o n l y o r d e r o f v a r i a b l e 
va lues has meaning) . Thus , they can be a p p l i e d 
beyond the a rea o f a p p l i c a b i l i t y o f c o n v e n t i o n a l 
methods, such as l i n e a r ( o r n o n l i n e a r ) d i s c r i m i n a t i o n 
t e c h n i q u e s o r s t a t i s t i c a l methods, 

2. The method a u t o m a t i c a l l y d e t e c t s and reduces 
redundant v a r i a b l e s . 

3 . C l a s s i f i c a t i o n r u l e s i n the fo rm o f VL1 
e x p r e s s i o n s are ve ry easy to i n t e r p r e t by humans and 
a t t h e same t i m e ve ry conven ien t to eva lua te by 
computers ( e s p e c i a l l y u s i n g p a r a l l e l o r p a r a l l e l -
s e q u e n t i a l t e c h n i q u e s ) . 

4. A l t hough t h e s y n t h e s i s of m in ima l VL1 
exp ress ions i s a complex c o m b i n a t o r i a l p r o b l e m , 
e x p e r i m e n t a l r e s u l t s f r om program AQVAL/l p rove 
t h a t t h e e x e c u t i o n t i m e and memory requ i remen ts 
i n s o l v i n g ' ave rage s i z e ' problems a re q u i t e 
a c c e p t a b l e . 

5 . I t i s a l so w o r t h n o t i n g t h a t t he method can 
be ex tended to cover t h e case o f no t comp le te l y 

s p e c i f i e d e v e n t s , i . e . , when some measurements a re 
m i s s i n g (what i s a common s i t u a t i o n in a p p l i c a t i o n s ) , 
a n d , a l s o , t h a t t he c l a s s i f i c a t i o n r u l e s ( o b t a i n e d 
based on some given data) can be e a s i l y m o d i f i e d i f 
new i n f o r m a t i o n i s g iven wh ich i s c o n t r a d i c t i v e t o 
t h e r u l e . 
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