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ABSTRACT: The g e n e r a l p r o b l e m o f f i n d i n g 

m i n i m a l p rog rams r e a l i z i n g g i v e n " p r o g r a m 

d e s c r i p t i o n s " i s c o n s i d e r e d , where p rog ram 

d e s c r i p t i o n s may s p e c i f y a r b i t r a r y p rog ram 

p r o p e r t i e s . The p r o b l e m o f f i n d i n g m i n i m a l 

p rog rams c o n s i s t e n t w i t h f i n i t e o r i n f i n i t e 

i n p u t - o u t p u t l i s t s i s a s p e c i a l case ( f o r 

i n f i n i t e i n p u t - o u t p u t l i s t s , t h i s i s a v a r i a n t 

o f E.M. G o l d ' s f u n c t i o n i d e n t i f i c a t i o n 

p r o b l e m ; a n o t h e r c l o s e l y r e l a t e d p r o b l e m i s 

t ne g r a m m a t i c a l i n f e r e n c e p r o b l e m ) . A l t h o u g h 

most p r o g r a m m i n i m i z a t i o n p rob lems a re n o t 

r e c u r s i v e l y s o l v a b l e , t h e y a re f o u n d t o b e n o 

more d i f f i c u l t t h a n t h e p r o b l e m o f d e c i d i n g 

w h e t h e r any g i v e n p r o g r a m r e a l i z e s any g i v e n 

d e s c r i p t i o n , o r t h e p r o b l e m o f e n u m e r a t i n g 

p rog rams i n o r d e r o f n o n d e c r e a s i n g l e n g t h 

( w h i c h e v e r i s h a r d e r ) . T h i s r e s u l t i s 

f o r m u l a t e d i n t e rms o f k - l i m i t i n g r e c u r s i v e 

p r e d i c a t e s and f u n c t i o n a l s , d e f i n e d b y 

r e p e a t e d a p p l i c a t i o n o f G o l d ' s l i m i t o p e r a t o r . 

A s i m p l e consequence i s t h a t t h e p rog ram 

m i n i m i z a t i o n p r o b l e m i s l i m i t i n g r e c u r s i v e l y 

s o l v a b l e f o r f i n i t e i n p u t - o u t p u t l i s t s and 2 -

l i m i t i n g r e c u r s i v e l y s o l v a b l e f o r i n f i n i t e 

i n p u t - o u t p u t l i s t s , w i t h weak a s s u m p t i o n s 

abou t t h e measure o f p r o g r a m s i z e . Go ld 

r e g a r d e d l i m i t i n g f u n c t i o n i d e n t i f i c a t i o n 

(more g e n e r a l l y , " b l a c k box " i d e n t i f i c a t i o n ) 

a s a mode l o f i n d u c t i v e t h o u g h t . I n t u i t i v e l y , 

i t e r a t e d l i m i t i n g i d e n t i f i c a t i o n m i g h t b e 

r e g a r d e d a s h i g h e r - o r d e r i n d u c t i v e i n f e r e n c e 

p e r f o r m e d c o l l e c t i v e l y b y a n e v e r g r o w i n g 

communi ty o f l o w e r - o r d e r i n d u c t i v e i n f e r e n c e 
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m a c h i n e s . 
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1 . INTRODUCTION 

A q u e s t i o n c o n s i d e r e d by Go ld [1 ] was f o r 

wha t c l a s s e s o f compu tab le f u n c t i o n s t h e r e 

e x i s t machines w h i c h succeed i n " i d e n t i f y i n g 

i n t h e l i m i t " any member o f t h e c l a s s . 

I d e n t i f y i n g a compu tab le f u n c t i o n i n t h e l i m i t 

c o n s i s t s o f g e n e r a t i n g a sequence o f " guesses " 

( i n t e g e r s ) c o n v e r g e n t t o a n i n d e x f o r t h e 

f u n c t i o n , s u c c e s s i v e guesses b e i n g based o n 

s u c c e s s i v e l y l a r g e r p o r t i o n s o f a n i n f o r m a t i o n 

sequence w h i c h l i s t s a l l e l e m e n t s o f t h e 

f u n c t i o n . An example o f a p r a c t i c a l p r o b l e m 

t o w h i c h t h e s e c o n c e p t s a re r e l e v a n t i s t h e 

l e a r n i n g p r o b l e m i n p a t t e r n r e c o g n i t i o n . 

T y p i c a l l y a n a d a p t i v e p a t t e r n r e c o g n i t i o n 

sys tem i s caused t o " l e a r n " a mapping f r om 

p a t t e r n s t o r esponses b y p r e s e n t i n g t o i t a 

sequence o f l a b e l l e d p a t t e r n s , i . e . , p a t t e r n s 

w i t h t h e i r a p p r o p r i a t e r e s p o n s e s . A l l o f t he 

m a c h i n e ' s responses w i l l c o n f o r m w i t h t h e 

d e s i r e d mapping once i t has i d e n t i f i e d t h a t 

mapp ing , i n t h e sense t h a t i t has f o u n d a n 

a l g o r i t h m ( e q u i v a l e n t l y , a n i n d e x ) f o r i t . 

Two o f G o l d ' s main r e s u l t s were t h a t any r . e . 

c l a s s o f t o t a l r e c u r s i v e f u n c t i o n s i s 

i d e n t i f i a b l e i n t h e l i m i t , and t h a t t h e c l a s s 

o f t o t a l r e c u r s i v e f u n c t i o n s i s n o t i d e n t i ­

f i a b l e i n t h e l i m i t (hence a l s o t h e c l a s s o f 

p a r t i a l r e c u r s i v e f u n c t i o n s i s n o t i d e n t i ­

f i a b l e i n t h e l i m i t ) . 

Here a m o d i f i e d v e r s i o n o f G o l d ' s p r o b l e m 

i s c o n s i d e r e d . The f i r s t m o d i f i c a t i o n i s t h e 

r e p l a c e m e n t o f i n f o r m a t i o n sequences b y 



( f i n i t e o r i n f i n i t e ) "program d e s c r i p t i o n s " i s a l so suggested by the work o f Kolmogorov 

which may spec i f y a r b i t r a r y program p r o p e r t i e s . [ 6 ] , M a r t i n - L o f [7] and o t h e r s , showing t h a t 

Desc r ip t i ons which l i s t i n p u t - o u t p u t p a i r s are the number o f symbols in the s h o r t e s t program 

then regarded as a s p e c i a l case. The second f o r genera t ing a f i n i t e sequence can be taken 

m o d i f i c a t i o n is t ha t i t e r a t e d l i m i t procedures as a measure o f the i n f o r m a t i o n content o f the 

( I t - l i m i t i n g recu rs i ve f u n c t i o n a l s ) are sequence, and t h i s measure prov ides a l o g i c a l 

admi t ted f o r p r o g r a m - f i n d i n g , s ince f i n d i n g bas is f o r i n f o r m a t i o n theory and p r o b a b i l i t y 

s u i t a b l e programs i n the n o n - i t e r a t e d l i m i t t heo ry . 

is imposs ib le f o r many c lasses o f program In the f o l l o w i n g the u n s o l v a b i l i t y o f most 

d e s c r i p t i o n s . For t h i s purpose k - l i m i t i n g n o n t r i v i a l program m in im iza t i on problems i s 

recurs iveness i s de f i ned by s t r a i g h t - f o r w a r d f i r s t no ted . A f t e r es tab l i shment o f some 

g e n e r a l i z a t i o n o f Go ld 's concept o f l i m i t i n g bas ic p r o p e r t i e s o f k - l i m i t i n g recu rs i ve 

recurs iveness . The t h i r d m o d i f i c a t i o n i s the p red i ca tes and f u n c t i o n a l s , i t i s shown t h a t 

added requirement t h a t programs found in the any program m i n i m i z a t i o n problem is k - l i m i t i n g 

( i t e r a t e d ) l i m i t be min imal accord ing to some r e c u r s i v e l y so lvab le i f the problem of determ-

p resc r i bed measure of program s i z e . i n i n g whether any g iven program s a t i s f i e s any 

Accord ing ly problems o f t h i s mod i f i ed type are g iven d e s c r i p t i o n i s k - l i m i t i n g r e c u r s i v e l y 

c a l l e d program m in im iza t i on problems. so lvab le and programs are k - l i m i t i n g r . e . in 

There are va r ious reasons f o r an i n t e r e s t o rder of nondecreasing s i z e . Simple conse-

in f i n d i n g m in ima l - l eng th programs. In work quences are t h a t the problem o f f i n d i n g 

on grammatical i n fe rence c l o s e l y r e l a t e d to min imal programs f o r f i n i t e f unc t i ons i s 

Go ld 's i d e n t i f i c a t i o n problem, Feldman [2] l i m i t i n g r e c u r s i v e l y s o l v a b l e , and t h a t the 

cons iders i n fe rence schemes which t r y to f i n d problem of f i n d i n g minimal programs f o r 

"good" grammars c o n s i s t e n t w i t h a v a i l a b l e a r b i t r a r y computable f unc t i ons (g iven an 

i n f o r m a t i o n about a language. One measure e x p l i c i t l i s t i n g ) is 2 - l i m i t i n g r e c u r s i v e l y 

o f goodness is the i n t r i n s i c comp lex i t y , or s o l v a b l e , w i t h weak assumptions about the 

s i z e , of a grammar. In terms of the f u n c t i o n measure of program s i z e . Lower bounds on the 

i d e n t i f i c a t i o n problem, t h i s corresponds to d i f f i c u l t y o f these problems are a l ready known 

f i n d i n g programs which are smal l accord ing from the work of Pager [8] and Gold [ 1 ] . 

to some measure of program s i z e . Indeed, the F i n a l l y , the p o i n t is emphasized in the 

use o f smal l programs f o r i n d u c t i v e i n fe rence conc lud ing remarks t h a t l i m i t i n g r e c u r s i v e l y 

i s a r e c u r r i n g theme in the l i t e r a t u r e (see so l vab le i n d u c t i o n problems, though s t r i c t l y 

f o r example Refs . 3 - 5 ) ; a l l u s i o n i s u s u a l l y "unso lvab le " i n g e n e r a l , are nonetheless w i t h -

made to the s c i e n t i f i c maxim knows as in the reach of mechanical procedures in the 

"Occam's Razor", accord ing to which " i t is impor tan t sense descr ibed by Go ld , and t h a t 

va in to do w i t h more what can be done w i t h even problems unso lvab le in the l i m i t may be 

fewer" in account ing f o r known phenomena. regarded as so lvab le in a weakened sense by an 

The s p e c i a l importance of minimal programs expanding community of mechanisms per fo rming 

514 



515 

l i m i t computat ions. assumed to be e f f e c t i v e l y enumerable in order 

2. PROGRAM MINIMIZATION PROBLEMS of n°ndecreasing l eng th . For example, the 

To f i x i deas , any programmable machine M number of elementary symbols in a program 

may be thought of as a 2-tape Tur ing machine, provides such a length measure, 

w i t h one tape regarded as i npu t -ou tpu t (I /O) In the f o l l o w i n g , obv ious ly machine and 

tape and the other as program tape. One or length-measure dependent concepts w i l l some-

both tapes a lso serve as working tape. A times be used w i thou t e x p l i c i t reference to a 

computation begins w i t h the f i n i t e - s t a t e p a r t i c u l a r machine or length measure. This 

c o n t r o l of the machine i n a unique s t a r t s ta te should be kept i n mind f o r a co r rec t i n t e r -

and w i t h a program on the program tape and an p r e t a t i o n of the r e s u l t s . 

inpu t on the I/O tape . I f and when the machine a minimal Program fo r a f u n c t i o n O i s one 

h a l t s , the I/O tape expression gives the ou t - Whose length does not exeed the length any 

p u t . I t i s assumed t h a t there i s an e f f e c t i v e otherr Program fo r 4,. The problem of f i n d i n g a 

1-1 coding from tape expressions (same syntax minimal program (or a l l minimal programs) fo r 

fo r both tapes) onto the in tegers N. The a f unc t i on O given a (poss ib ly i n f i n i t e ) l i s t 

program (or I/O tape expression) corresponding of the e lements of ♦, is an example of a code number (index) X be written as ■i.i. ~ program min imizat ion problem. More genera l l y , 

to code number ( index) x w i l l be w r i t t e n as x . Program problem generally 

TC ,. . . , , . . . . . . - , ,u_„ a program min imizat ion problem is the problem 
If M even tua l l y h a l t s w i t h ou tpu t z when r ■» c e 

. - , . .. - , . . - „ . , „ of f i n d i n g a minimal program (or a l l minimal 
suppl ied w i t h program x and inpu t y, one may 3 

,M, . T. ,„ , . , . . J.M/,,\ programs) meeting the cond i t ions l i s t e d in any 
w r i t e 4> (y) = z. If M does not h a l t , <t> (Y) x x 

- ^. -, m. ., i. • i "program d e s c r i p t i o n " belonging to some class 
is undef ined. Thus M computes a p a r t i a l v •» 

,M . , - . . ■ , i of such d e s c r i p t i o n s . Program desc r i p t i ons 
f unc t i on $ x w i t h program x . However, i t w i l l 

,_ - . are loose ly def ined as f o l l o w s . Suppose tha t 
be convenient to t h i n k of x not merely as a 

M a (possib ly i n f i n i t a r y ) l o g i c a l system is 
program f o r tj> , but as a program fo r any 

M - . q iven along w i t h an i n t e r p r e t a t i o n based on a 
subset of $ . In o ther words, x is a program y 

. , , ,,_ _ ,M, . f i x e d M such t h a t every wf f in tne system 
fo r a f u n c t i o n $ prov ided only t h a t cp lyJ = 

, , = M, . expresses some program proper ty ( i . e . , every 
<My) f o r a l l y in the domain of <j>; * x (y> 

,. . wf f is a unary p red ica te over programs). Then 
need not be undef ined f o r y outs ide tha t 

, the w f i s comprising the system w i l l be ca l l ed 
domain. If such an x e x i s t s f o r a g iven q>, <p 

. , , , , , , „ . , * program d e s c r i p t i o n s . T y p i c a l l y a program 
w i l l be sa id to be programmable (on M) . A c—*- -* 

d e s c r i p t i o n might spec i fy r e l a t i o n s h i p s between 
machine on which a l l p a r t i a l recurs i ve 

, inputs and outputs ( e . g . , p a r t i c u l a r i n p u t - o u t -
func t ions are programmable is u n i v e r s a l . 

put p a i r s ) , s t r u c t u r a l p rope r t i es ( e . g . , the 
A program leng th measure assigns a non-

. number of occurrences of a p a r t i c u l a r symbol 
negat ive i n t e g r a l l eng th to each program such 

- in the program), ope ra t i ona l p rope r t i es ( e . g . , 
t h a t on ly a f i n i t e number of programs are o£ 

computat ional comp lex i t y ) , or combinations of 
any p a r t i c u l a r l e n g t h . A length measure need 

, such p r o p e r t i e s . I f 6 is a program d e s c r i p t i o n , 
not be r e c u r s i v e , though t h i s is a f requent 

a program x w i l l be sa id to r e a l i z e 6 if x 
assumption; f u r the rmore , programs are o f t en ^ ^ p r o p e r f c y e x p r e s s e d b y J . 



expressed as a t o t a l f u n c t i o n t h i s is 

Thus a mapping whose domain con ta ins coded 

rep resen ta t i ons o f i n f i n i t e d e s c r i p t i o n s i s a 

f u n c t i o n a l . 

The coded ve r s i on of a d e s c r i p t i o n o, 

whether i t i s f i n i t e o r i n f i n i t e , w i l l b e 

w r i t t e n as 6. Since no con fus ion can r e s u l t , 

coded rep resen ta t i ons o f d e s c r i p t i o n s w i l l a lso 

s imply be c a l l e d d e s c r i p t i o n s . A se t of 

d e s c r i p t i o n s w i l l b e c a l l e d i n f i n i t e l y 

d i ve rse i f no set o f programs r e a l i z i n a the 

d e s c r i p t i o n s i s f i n i t e . 

Theorem 1 is concerned w i t h I/O d e s c r i p t i o n s 

o n l y , w h i l e Theorems 3 and 4 w i l l apply to 

a r b i t r a r y program d e s c r i p t i o n s . 

Theorem 1. Let M be a u n i v e r s a l 

programmable machine and l e t a r e c u r s i v e 

l eng th measure be g i v e n . Then the program 

m i n i m i z a t i o n problem is not r e c u r s i v e l y 

so l vab le f o r any e f f e c t i v e l y enumerable, 

i n f i n i t e l y d i ve rse set o f I/O d e s c r i p t i o n s . 

Proo f : Pager [8 ] p r e v i o u s l y noted t h i s 

f a c t f o r the case when I/O d e s c r i p t i o n s 

spec i f y f i n i t e f u n c t i o n s , and remarked t h a t 

the p roo f i nvo l ves the Recursion Theorem. I 

fo rmu la ted Theorem 1 independent ly and proved 

i t , i n o u t l i n e , as f o l l o w s . The negat ion o f 

the theorem a l lows the c o n s t r u c t i o n of a 

program which enumerates d e s c r i p t i o n s and 

corresponding min imal programs u n t i l i t f i n d s 

a min imal program longer than i t s e l f ; i t then 

s imula tes t h a t program, and c o n t r a d i c t i o n 

r e s u l t s . The p o s s i b i l i t y of a program 

measuring i t s own leng th and then per fo rming 

o ther a r b i t r a r y c a l c u l a t i o n s f o l l o w s from the 

ex is tence of a r e c u r s i v e f u n c t i o n g such t h a t 
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be proved from the S-m-n Theorem and the 

Recursion Theorem. 

To demonstrate the u n s o l v a b i l i t y of a 

program m in im iza t i on problem ( fo r a un i ve rsa l 

machine), i t i s t h e r e f o r e s u f f i c i e n t t o show 

t h a t the d e s c r i p t i o n s concerned inc lude an 

e f f e c t i v e l y enumerable, i n f i n i t e l y d iverse 

se t o f I/O d e s c r i p t i o n s . This i m p l i e s , f o r 

example, t h a t the program min im iza t i on 

problem f o r the s i n g l e t o n f u n c t i o n s , f o r the 

f i n i t e dec i s i on f u n c t i o n s , and even f o r the 

dec i s i on f unc t i ons o f c a r d i n a l i t y 2 i s 
2 

unsolvab le , whenever the leng th measure is 

r e c u r s i v e . 

Pager [9] has shown t h a t the las t -ment ioned 

problem is unsolvable even when the leng th 

measure is not r e c u r s i v e . Fu r the r , he 

es tab l i shed the s u r p r i s i n g f a c t t ha t the 

m in im iza t i on problem is unsolvable f o r a 

c e r t a i n f i n i t e l y d i ve rse set o f dec i s i on 

f u n c t i o n s , regard less of the leng th measure 

employed [ 8 ] . 

In view of Pager 's r e s u l t s i t may be 

asked whether the requirement t h a t the length 

measure be recu rs i ve is super f luous in 

Theorem 1. The answer is no (al though the 

requirement can be weakened somewhat). To 

prove t h i s , i t i s on ly necessary t o spec i f y 

some sequence of f i n i t e dec i s ion func t i ons 

such t h a t any program is a program f o r at 

most one of these f u n c t i o n s , p lus an 

a r b i t r a r y procedure f o r o b t a i n i n g a 

p a r t i c u l a r program f o r each f u n c t i o n in the 

sequence; then the l eng th measure can r e a d i l y 

be de f ined to guarantee the m i n i m a l i t y of 

these p a r t i c u l a r programs. 

I t i s i n t e r e s t i n g to note t h a t Theorem 1 

s t i l l ho lds f o r c e r t a i n non-1/0 d e s c r i p t i o n s . 

For example, suppose the minimal programs are 

requ i red to operate w i t h i n a c e r t a i n bound on 

the computat ional complex i ty , apar t from an 

a r b i t r a r y a d d i t i v e cons tan t . Then i t i s c l ea r 

t h a t the proof of Theorem 1 is app l i cab le 

w i t hou t change. 

These u n s o l v a b i l i t y r e s u l t s do not mean 

tha t a l l i n t e r e s t i n g program min im iza t ion 

problems are e n t i r e l y beyond the reach of 

mechanical procedures, as Theorem 3 w i l l show. 

The f o l l o w i n g d e f i n i t i o n s genera l i ze the 

concept o f l i m i t i n g recu rs ion in t roduced bv 

Gold [ 1 ] . 

understood) i f there is a p red ica te P k - l i m i t i n q 

decidable on AxN such t h a t f o r Sea, P(6,x) 

holds i f f A set o f i n tegers i s k - l i m i t i n g 

r . e . i f i t i s empty or the range o f a f u n c t i o n 
5 

k - l i m i t i n g recu rs i ve on N. O - l i m i t i n g 

recu rs i ve is the same as r e c u r s i v e , and 1-

l i m i t i n g recu rs i ve i s abbrev ia ted as l i m i t i n g 

r e c u r s i v e . 

Gold (a lso Putnam [10 J) has shown t h a t 
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so t h a t g is ( k + 1 ) - l i m i t i n g r e c u r s i v e . 

Roughly speaking, Theorem 3 s ta tes t h a t 

f i n d i n g min imal programs is no more d i f f i c u l t 

than enumerating programs in order of non-

decreasing l eng th or dec id ing whether a g iven 

program r e a l i z e s a g iven d e s c r i p t i o n 

(whichever i s h a r d e r ) , where the " d i f f i c u l t y " 

o f a k - l i m i t i n g r e c u r s i v e f u n c t i o n a l i s k . 

Theorem 3. Given: a programmable machine 

M, a l eng th measure such t h a t programs are k-

l i m i t i n g r . e . i n order o f nondecreasing 

l e n g t h , and a se t A of r e a l i z a b l e , u n i f o r m l y 

k - l i m i t i n g dec idab le program d e s c r i p t i o n s . 

Then the program m i n i m i z a t i o n problem f o r 

A i s k - l i m i t i n g r e c u r s i v e l y s o l v a b l e . 

Proof : Since programs are k - l i m i t i n g r . e . 

in order o f nondecreasing l e n g t h , the re is a 

k - l i m i t i n g r e c u r s i v e f u n c t i o n f which maps N 

Theorem 4. Given: a k - l i m i t i n g r e c u r s i v e 

l eng th measure such t h a t programs are k-

l i m i t i n g r . e . i n order o f non-decreasing 

l eng th and a se t A of r e a l i z a b l e , u n i f o r m l y 

k - l i m i t i n g dec idab le program d e s c r i p t i o n s . 

Then the problem o f f i n d i n g a l l minimal 

programs r e a l i z i n g any 6eA is k - l i m i t i n g 

r e c u r s i v e l y s o l v a b l e . 

Now i f the se t o f i nd i ces of the min imal 

programs r e a l i z i n g 6 is expressed by i t s 

canon ica l index 

where Cp is the c h a r a c t e r i s t i c f u n c t i o n of P, 

w i t h P de f ined as in Theorem 3, then 

a p p l i c a t i o n of Lemma 2 shows i . to be k-

l i m i t i n g r e c u r s i v e on 

Note t h a t because of the assumption in 

Theorem 4 t h a t the leng th measure is k-

l i m i t i n g r e c u r s i v e . Theorem 3 cannot be 

regarded as a consequence of Theorem 4. 

Note a lso t h a t any ( k - 1 ) - l i m i t i n g recu rs i ve 

l eng th measure s a t i s f i e s the cond i t i ons o f 

Theorem 4 (by Theorem 2 ) . 

Theorems 3 and 4 are the main r e s u l t s of 

t h i s paper. The remain ing theorems i l l u s t r a t e 

t h e i r a p p l i c a t i o n . 

Theorem 5. For any r e c u r s i v e l eng th 

measure, the problem o f f i n d i n g a l l min imal 

programs f o r f i n i t e programmable f unc t i ons 

i s l i m i t i n g r e c u r s i v e (each f i n i t e f u n c t i o n 

is assumed to be s p e c i f i e d by a program 

d e s c r i p t i o n which l i s t s the argument-value 

p a i r s o f the f u n c t i o n i n any o r d e r ) . 



C l e a r l y Q is dec idab le and 

f i n d i n g a l l minimal programs f o r any f i n i t e 

f u n c t i o n i s l i m i t i n g r e c u r s i v e . 

Theorem 6. Given a recu rs i ve leng th 

measure and a machine M which computes t o t a l 

f unc t i ons o n l y , the problem o f f i n d i n g 

min imal programs f o r f unc t i ons programmable 

on M is l i m i t i n g r e c u r s i v e (each programmable 

f u n c t i o n is assumed to be s p e c i f i e d by a 

program d e s c r i p t i o n which l i s t s the argument-

value p a i r s o f the f u n c t i o n in any o r d e r ) . 

Gold had a l ready shown t h a t the problem 

of f i n d i n g any programs {not necessar i l y 

minimal) f o r members of a r . e , c lass of t o t a l 

f unc t i ons is l i m i t i n g r e c u r s i v e , and Feldman 

[2] remarked t h a t t h i s can be extended in an 
e 

obvious way to f i n d i n g minimal programs 

when programs are r . e . in order of non-

decreasing l e n g t h . Theorem 6 strengthens 

t h i s r e s u l t s l i g h t l y , as there are recu rs i ve 

l eng th measures f o r which programs are not 

r . e . i n order o f nondecreasing leng th ( e . g . , 

d e f i n e so t h a t the sequence 

enumerates a r . e . , nonrecurs ive set w i thou t 

r e p e t i t i o n ) . 

Theorem 7. For any M and any l i m i t i n g 

recu rs i ve leng th measure, the problem of 

f i n d i n g minimal programs f o r func t ions 

programmable on M is 2 - l i m i t i n g recu rs i ve (as 

in Theorem 6, the problem is i n t e r p r e t e d in 

terms of program d e s c r i p t i o n s , where any 

d e s c r i p t i o n l i s t s the argument-value p a i r s o f 

a programmable f u n c t i o n in any o r d e r ) . 

Note t h a t i t is known from the work of Gold 

t ha t the problem i s not i n genera l l i m i t i n g 

r e c u r s i v e . 

The theorem is r e a d i l y genera l i zed to 

desc r i p t i ons which p resc r ibe d ive rgen t 

computations f o r some i n p u t s . The 

min im iza t ion problem remains 2 - l i m i t i n g 

r e c u r s i v e . 

4. Remarks on Induc t i on and I t e r a t e d L i m i t i n g 

Recursion 

Deduction i s concerned w i t h the d e r i v a t i o n 

of p a r t i c u l a r conseauences from oenera l 
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premises, w h i l e i n d u c t i o n 

proceeds in the oppos i te d i r e c t i o n . The 

problem of f i n d i n g an a l g o r i t h m {minimal or 

o therwise) f o r a f u n c t i o n , a f t e r i n s p e c t i o n 

o f some but not a l l va lues o f the f u n c t i o n , i s 

c l e a r l y o f the i n d u c t i v e t y p e : the complete 

a l g o r i t h m proposed on the bas is of incomplete 

i n f o r m a t i o n expresses a g e n e r a l i z a t i o n about 

the f u n c t i o n sampled. N o n - t r i v i a l i n d u c t i v e 

problems are i n h e r e n t l y "unso lvab le " i n the 

sense t h a t no t e r m i n a t i n g procedure e x i s t s 

f o r genera t i ng " c o r r e c t " g e n e r a l i z a t i o n s ; any 

u n v e r i f i e d consequence of a proposed 

g e n e r a l i z a t i o n may t u r n ou t to be in e r r o r . 

This mot i va ted Go ld 's d e f i n i t i o n o f l i m i t i n g 

r e c u r s i v e p red i ca tes and f u n c t i o n a l s , which 

are more power fu l than t h e i r n o n - l i m i t i n g 

c o u n t e r p a r t s . He noted t h a t a " t h i n k e r " 

employing a procedure f o r f u n c t i o n (or " b l a c k -

box") i d e n t i f i c a t i o n i n the l i m i t and us ing 

the c u r r e n t guess of a f u n c t i o n ' s i d e n t i t y as 

a bas is f o r g o a l - d i r e c t e d a c t i v i t y would be 

a c t i n g on c o r r e c t i n f o r m a t i o n e v e n t u a l l y . 

In t h i s sense, t h e r e f o r e , some unso lvab le 

problems are w i t h i n the reach of mechanical 

procedures, The most genera l f u n c t i o n 

i d e n t i f i c a t i o n problem, however, i s 2 - l i m i t i n g 

r e c u r s i v e . Can any mechanical system be 

conceived which in some sense "so l ves " a 2-

l i m i t i n g r e c u r s i v e problem? Not i f a t t e n t i o n 

i s r e s t r i c t e d to a s i n g l e " t h i n k e r " genera t i ng 

a s i n g l e sequence of guesses; however, suppose 

t h a t i ns tead of a s i n g l e t h i n k e r , each of an 

ever growing number of such t h i n k e r s T D , T . , . . . 

w i t h u n i v e r s a l computat iona l power observes 

the non - te rm ina t i ng sequence 

<Y0'Z0>,<Y1Z1>,......Which enumerates some 

p a r t i a l r e c u r s i v e f u n c t i o n O. At any t ime 

the i ' t h t h i n k e r T . regards as h i s bes t 

guess the s h o r t e s t program ( i f any) he has 

been able to f i n d wh ich , i n the t ime 

a v a i l a b l e , has g i ven c o r r e c t ou tpu ts f o r 

i npu t s YO ,Y1
 a n (* e i t h e r no ou tpu t or 

a c o r r e c t ou tpu t f o r any o ther argument 

t e s t e d . I t i s c l e a r t h a t each t h i n k e r w i l l 

e v e n t u a l l y be guessing a program f o r a subset 

o f $ ; f u r t he rmore , a l l but a f i n i t e number o f 

the t h i n k e r s w i l l be guessing programs f o r <j> 

e v e n t u a l l y . I n t h i s i t e r a t e d l i m i t i n g sense 

the expanding community s u c c e s s f u l l y 

i d e n t i f i e s * . Of course the re is no s t r a tegy 

e f f e c t i v e i n the l i m i t f o r dec id ing i n genera l 

which t h i n k e r s are guessing programs f o r $ at 

any t i m e . To i n t e r p r e t t h i r d - o r d e r l i m i t 

processes, one might envisage a growing 

number of expanding communities of the above 

t y p e , each committed to a d i s t i n c t va lue of a 

c e r t a i n parameter. At most f i n i t e l y many of 

the unbounded communities would in,, genera l 

b e "unsuccess fu l " . S i m i l a r l y s t i l l h i g h e r -

order processes could be i n t e r p r e t e d . 
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Footnotes 
i 
A code i n t o t o t a l f u n c t i o n s would a l so be 

used f o r a m ix tu re o f f i n i t e and i n f i n i t e 

d e s c r i p t i o n s ; one d i g i t , say 0, would be 

reserved as t e r m i n a t o r and a l l f u n c t i o n va lues 



corresponding tp p o i n t s beyond the end of a 

f i n i t e d e s c r i p t i o n would be se t to 0 . 
2 

For the f i n i t e d e c i s i o n f u n c t i o n s , note t h a t 

the f u n c t i o n s computed w i t h any f i n i t e set o f 

programs can be d iagona l i zed to y i e l d a f i n i t e 

dec i s i on f u n c t i o n which requ i res a program 

not in the g i ven s e t . To prove i n f i n i t e 

d i v e r s i t y f o r the 2-element dec i s ion f u n c t i o n s , 

i t i s s u f f i c i e n t to show t h a t no se t o f n 

programs can i nc lude a program f o r each 2-

element d e c i s i o n f u n c t i o n whose arguments are 

in a f i x e d se t o f 2 i n t e g e r s ; but f o r t h i s 

many arguments at l e a s t 2 of the programs 

must g i v e i d e n t i c a l r e s u l t s { i f any ) , so t h a t 

two unsymmetric d e c i s i o n func t i ons are missed. 
3 

Funct ions are regarded as a spec ia l case of 

f u n c t i o n a l s . 

The equivalence f o l l o w s from the f a c t t h a t 

F(6) i s independent o f n . , . . . , n , , so t h a t the 

i t e r a t e d l i m i t o f G must e x i s t . 
5 

This d i f f e r s from Go ld ' s d e f i n i t i o n , which 

expresses l i m i t i n g r e c u r s i v e enumerab i l i t y 

i n terms o f l i m i t i n g s e m i - d e c i d a b i l i t y . 

However, the d e f i n i t i o n s can be shown to be 

equ iva len t ( f o r k = l ) . 

A c t u a l l y , Feldman was concerned w i t h "occams 

enumerat ions" of fo rmal grammars, but the 

problem of f i n d i n g minimal grammars f o r 

languages is e s s e n t i a l l y the same as t h a t of 

f i n d i n g min imal programs f o r dec i s ion 

f u n c t i o n s . 
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