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A b s t r a c t 

A number t h e o r y approach to p rob lem s o l v i n g i s 
p r e s e n t e d u s i n g t h e tower o f cubes p u z z l e as an e x 
ample . Some c o n v e n t i o n a l methods o f s o l v i n g t he p u z 
z l e a re f i r s t d i s c u s s e d . The p u z z l e i s t h e n t h o r 
ough l y s t u d i e d u s i n g a n e n t i r e l y d i f f e r e n t app roach . 
S p e c i a l numbers a re used t o r e p r e s e n t t h e d i f f e r e n t 
c o l o r s on t h e s i d e s o f t he cubes . A d e s c r i p t i o n 
m a t r i x i s used t o compress t he p rob lem r e p r e s e n t a t i o n . 
The s o l u t i o n method becomes v e r y e f f i c i e n t because o f 
t h e conc i se r e p r e s e n t a t i o n o f t he p r o b l e m . Two t h e o 
rems a re deve loped to v e r i f y t h e s o l u t i o n method. A 
g e n e r a l i z a t i o n o f t he p u z z l e i s a l s o d i s c u s s e d . 

D e s c r i p t i v e Terms 

Number t h e o r y , p rob lem r e p r e s e n t a t i o n , p rob lem 
s o l u t i o n , p rob lem s o l v i n g , p u z z l e s , game p l a y i n g , 
p rob lem r e d u c t i o n 

e x i s t . A g e n e r a l i z a t i o n o f t he p u z z l e and some t h e o 
r e t i c a l background i s p r e s e n t e d i n S e c t i o n I V . A 
c o n c l u s i o n i s p r e s e n t e d i n S e c t i o n V . 

I I . Some S o l u t i o n Methods 

T h i s p u z z l e may be s o l v e d t h r o u g h the use o£ a 
s t a t e - s p a c e r e p r e s e n t a t i o n 4 o f t h e p rob lem and by 
a p p l y i n g some sea rch t e c h n i q u e s to d i s c o v e r a s o l u t i o n . 
The f o l l o w i n g s u b - s e c t i o n s d e s c r i b e some o f these 
methods . 

1 . B l i n d Search : 

Cons ide r s t a c k i n g the cubes one by one. There 
a r e t w e n t y - f o u r d i f f e r e n t ways t h a t a cube can be p o s i 
t i o n e d . Thus t h e s t a t e - s p a c e r e p r e s e n t a t i o n o f t h e 
p rob lem may be e n v i s i o n e d as p i c t u r e d i n F i g u r e 1 . 

I . I n t r o d u c t i o n 

Two ma jo r s t eps i n p rob lem s o l v i n g a re t he p r o b 
lem r e p r e s e n t a t i o n and the p r o b l e m s o l u t i o n . These 
two s t e p s a r e v e r y much i n t e r r e l a t e d . Prob lem r e p r e 
s e n t a t i o n s have a g r e a t i n f l u e n c e upon t h e e f f i c i e n c y 
o f s o l u t i o n methods . A number t h e o r y 3 approach Is 
p roposed i n t h i s paper f o r b o t h t he r e p r e s e n t a t i o n 
and the s o l u t i o n o f p rob l ems . When a p p l i c a b l e , t h i s 
approach t u r n s o u t t o b e v e r y c o n c i s e i n t he r e p r e 
s e n t a t i o n and v e r y e f f i c i e n t i n t he s o l u t i o n o f p r o b 
lems. Even though n o t a l l p rob lems can be s o l v e d 
w i t h t h i s a p p r o a c h , i t s t i l l opens u p a d i r e c t i o n t h a t 
r e s e a r c h e r s may want t o l o o k i n t o t o d e v i s e b e t t e r 
methods i n s o l v i n g p r o b l e m s . 

The tower o f cubes p u z z l e i s used to i l l u s t r a t e 
t h i s approach I n p r o b l e m s o l v i n g . T o p l a y t h i s p u z 
z l e , a p l a y e r I s g i v e n f o u r cubes w i t h s i d e s i n f o u r 
d i f f e r e n t c o l o r s . Each cube may be d i f f e r e n t f r om 
the o t h e r In t he sense t h a t one cube may have t h r e e 
r e d s i d e s , one b l u e s i d e , one w h i t e s i d e , and one 
g reen s i d e , w h i l e ano the r cube may have two b l u e s i d e s , 
two g reen s i d e s , one red side, and one w h i t e s i d e . 
The f o u r cubes a re s h u f f l e d and t u r n e d randomly b e f o r e 
g i v e n t o t he p l a y e r . The o b j e c t i v e o f t he p l a y e r I s 
to s t a c k t he cubes into a tower so t h a t t h e r e are f o u r 
c o l o r s , a l l d i f f e r e n t , showing o n each s i d e o f t h e 
t o w e r . 

We can d e s c r i b e t h e s t a t e of a cube by a s i x -
t u p l e o f t h e fo rm < f r o n t , back , l e f t , r i g h t , t o p , 
bo t t am> . For examp le , t he t u p l e <R,W,B,B,G,R> d e s -
c r i b i s a cube w i t h t h e f r o n t s i d e i n r e d , t h e back 
s i d e i n w h i t e , t h e l e f t s i d e i n b l u e , and s o f o r t h . 

W i t h any g i v e n i n p u t c o n f i g u r a t i o n o f t h e p u z z l e , 
t he computer can be used t o s o l v e t h e p u z z l e . D i f f e r 
e n t methods can be used and a r e b r i e f l y d i s c u s s e d i n 
S e c t i o n I I . I n S e c t i o n I I I , a method u s i n g t h e num
b e r t h e o r y approach i s p roposed w h i c h w i l l f i n d a 
s o l u t i o n t o t h e p u z z l e e f f i c i e n t l y , o r i f a s o l u t i o n 
does n o t e x i s t , i n d i c a t e t h a t a s o l u t i o n does n o t 

F i g u r e 1 

For f o u r cubes t h i s method can i n v o l v e a maximum 
o f 2 4 4 4 331,776 p a t h s . A l t h o u g h awkward, i t i s n o t 
p r o h i b i t i v e to use t h e b l i n d sea rch method on a mod
e r n compute r . However, i f one ex tends t h e game by 
a d d i n g a d d i t i o n a l cubes and c o l o r s , t h i s method r a 
p i d l y becomes u n f e a s i b l e . 
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2. Heur is t i c Searches problem representat ion. 

D i f fe ren t heu r i s t i cs may be used to improve the 
e f f i c i ency of the search. Some of these heur i s t i cs 
are discussed below. 

CI) Assume a so lu t i on is found and turn the so lu t ion 
tower 90 degrees clockwise and we obtain another so lu 
t i o n . This suggests that at l e v e l 1, in Figure 1, we 
do not r e a l l y need to generate twenty-four nodes- Let 
us assign numbers to the sides of a cube as in Figure 
2. 

Figure 2 

It becomes apparent that we need to generate only 
three nodes at l e v e l 1, fo r example, w i th Side 1, Side 
3 and Side 5 on top, respect ive ly . Hence the search 
w i l l then Involve a maximum of 3 ■ 243 - 42,722 paths. 

(2) Before s t a r t i n g the search one may want to select 
the cube w i th the most sides in one color and place it 
on top of the tower. Following t h i s , one attempts to 
"h ide" the dominant colors of each cube. That i s , 
each cube is examined to determine which co lo r , if any, 
appears most o f ten . The cube is then pos i t ioned, if 
poss ib le , so that t h i s color is on the top and bottom 
of the cube. Hence the dominant color i s , in a sense, 
"h idden". This heu r i s t i c can prevent some unnecessary 
searching whenever a so lu t ion ex i s t s . 

O) The t ree searching down a twig may be ha l ted when
ever a node is found to be incompatible w i th a so lu 
t i o n . That i s , no fu r the r searching down that twig 
need be performed if two cubes having the same color 
on one side of the tower are found. 

(4) Other heu r i s t i c s may also be used. However, when 
a so lu t i on does not e x i s t , an extensive search may be 
requ i red. I f the puzzle is extended by the add i t ion 
of more cubes and colors then a heu r i s t i c search may 
s t i l l be i n t o l e r a b l e . The fo l low ing sect ion des
cr ibes an a lgor i thm which overcomes some of the prob
lems of the search methods. 

I I I . A Number Theory Approach 

A number theory approach to problem representa
t i o n and so lu t i on is presented in t h i s sect ion. In 
shor t , t h i s approach w i l l make use of spec ia l l y de
r ived numbers to represent a problem concisely and 
solve i t e f f i c i e n t l y . Unfortunately there i s no 
a lgor i thm or ru l e of thumb that can be establ ished to 
derive the appropriate numbers fo r a problem. 

This approach can be described by the fo l low ing 
steps. 

(1) Find a good nota t ion or language for descr ib ing 
the problem. 

(3) Construct a se t , or se ts , of product ion ru les 
which can be used to perform v a l i d transformations of 
the problem representat ion i n to problem solut ions or 
in to forms from which so lu t ions can be eas i l y der ived. 

(4) Attempt to revise the production ru les , to obta in 
an optimal set of r u l e s , and describe them abs t rac t l y , 
hopeful ly in some computer compatible language. 

(5) Apply the production rules to a problem repre
sentat ion to obtain an intermediate representat ion 
from which solut ions can be more eas i ly der ived, or 
when possib le, to obtain the solut ions d i r e c t l y . 

(6) If necessary, select an appropriate search pro
cedure and apply it to f i nd the so lu t ions . 

These steps are c lea r l y interdependent. The 
se lect ion of a notat ion for describing the problem 
w i l l l i k e l y enhance or i n h i b i t the opt imizat ion of 
the production r u l e s , and the successful abst rac t ion 
of a set of production rules can make the search pro
cess e f f i c i e n t or even unnecessary. The tower of 
cubes puzzle provides an excel lent example of a suc
cessfu l appl icat ion, of the number theory approach. 
The fo l lowing is a descr ip t ion of the app l ica t ion of 
th i s approach to the tower of cubes puzzle-

To begin w i t h , the propert ies of a problem must be 
thoroughly invest igated. For the tower of cubes puz
z le , the convention was adopted to describe each cube 
as a s i x - tup le of the form < f ron t , back, l e f t , r i g h t , 
top, bottom>. Using th i s desc r ip t ion , the fo l lowing 
propert ies are noted. 

1. Although each cube is described as a s i x - t u p l e , 
the descr ip t ion of a so lu t ion conf igurat ion for each 
cube is only a four - tup le of the form < f r o n t , back, 
l e f t , r i gh t> . This is obvious since a descr ip t ion of 
any four sides of a cube w i l l uniquely determine the 
descr ip t ion of the two remaining sides. However, it 
should be noted that the i n i t i a l descr ip t ion of a cube 
must contain a descr ip t ion of a l l s ix s ides, since the 
<top, bottom> sides may be rotated in to the pos i t i on 
of the < f r o n t , back> or < l e f t , r i g h t > sides. 

2. The Production Rules. A series of simple produc
t i o n rules may be used. However, it should be noted 
that these rules re l y on the p r i nc i p l e that the des
c r i p t i o n of the <top, bottom> sides is of no i n te res t 
in the f i n a l so lu t i on . Thus, <" , "> w i l l be used to 
ind icate e i ther <top, bottom> or b o t t o m , top>, not ing 
that it is not necessary to make a d i s t i n c t i o n . Given 
any descr ip t ion of a cube of the form <(aT,a2), (b1,b2), 
(c1.c2)>. i t can be transformed i n to other descr ipt ions 
by the fo l lowing ru les . 

(2) Derive an appropriate set of numbers usefu l fo r 3. We can assign unique numbers to each of the four 
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colors which w i l l g reat ly s imp l i f y the analysis of the 
puzzle. These numbers should be chosen in such a way 
that if one adds any e ight of the numbers assigned to 
the sides then an examination of the r e s u l t i n g sum w i l l 
ind ica te if each number Cor co lor ) appears in the sum
mation exact ly twice. The theorems concerning the 
se lec t ion of these numbers are presented in Section IV. 
The fo l low ing numbers were selected for the four cube, 
four color tower of cubes puzzle: 

search in the descr ip t ion matr ix f o r a rearrangement 
of the descr ip t ion matr ix such that the above equa
t ions are s a t i s f i e d . I f such a search f a i l s , then 
no so lu t i on ex is ts f o r the given puzzle. Section IV 
contains the theorems which v e r i f y end describe t h i s 
process. I t should be noted t h a t , a f t e r a successful 
search, the necessary rearrangement of the descr ip t ion 
matr ix can be performed by applying the appropriate 
interchange-tuple product ion schema. 

Red 
White 
Blue 
Green 

1 
2 
5 

20 

4. The Descr ip t ion Mat r ix . A 4 by 3 "descr ip t ion 
mat r ix " can be computed, descr ib ing only essent ia l 
in format ion needed to discover the so lu t i on conf igura
t i o n . Given an input conf igura t ion of the form: 

The corresponding descr ip t ion matr ix V is com-
puted as: 

and aij bji and cij are the numbers assigned to the 
sides of the cubes using the scheme of sect ion 3 above. 

The in terchange-wi th in- tup le product ion schema 
w i l l not a f f ec t the descr ip t ion mat r ix . However, the 
interchange-tuple product ion schema can be extended to 
the descr ip t ion matr ix as fo l l ows : 

It can eas i l y be shown that the descr ip t ion 
matr ix corresponding to the so lu t i on conf igura t ion has 
the fo l l ow ing proper ty : 

I f one f a i l s to f i n d these two f ou r - t up les , then 
there is no so lu t i on to the puzzle. 

The search process is to f i n d two independent 
paths from the top row to the bottom row in the des
c r i p t i o n matr ix such that the values of these two 
paths are both 56. A path is defined to be a set 
containing one and only one element from each row of 
the descr ip t ion mat r ix . Paths are said to be inde
pendent if they are mutually exclusive sets . The 
value of a path is the sum of the values of the e l e 
ments in the path. 

The search process in the descr ip t ion matr ix w i l l 
involve a maximum of 34 = 81 paths. This number is 
considerably smaller than the maximum numbers of paths 
that may be involved in the other search methods des
cr ibed i n Section I I , 

Another property of t h i s search process that 
should be mentioned is that a node is simply an i n t e 
ger number instead of a s i x - t up le or a fou r - tup le as 
in the search methods described in Section I I . Hence 
the ove ra l l saving in t h i s search process is tremen
dous. 

(3) Rearrange the input conf igura t ion to conform to 
the so lu t i on descr ip t ion matr ix found in Step (2 ) . 
In other words, get two cube-sides in each d i f f e r e n t 
color on the front-and-back sides of the tower and on 
the l e f t - a n d - r i g h t sides of the tower. This can be 
performed by applying the interchange-tuple product ion 
schema appropr ia te ly . 

form: 
S p e c i f i c a l l y , l e t the input conf igura t ion have the 

and l e t the ob jec t i ve conf igura t ion of t h i s step have 
the form: 

Thus a search fo r the so lu t i on conceptually is j u s t a 
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Note that the top-and-bottom sides of the cubes are 
eliminated from the objective configuration since 
they are Irrelevant. 

By applying the interchange-tuple production 
schema appropriately, we get: 

i, j, k, l, i' j' k' , and V are a l l defined in 
Step (2). 

(4) The last step is to rearrange the configuration 
determined in Step (3) to conform to the solution 
requirement. In other words, get the four dist inct 
colors on each side of the tower. This step can be 
performed by applying appropriately the interchange-
within-tuple production schema. This step is ver i 
f ied and described in Theorem 1 below. The f ina l 
solution can then be printed as output. 
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IV. Two Theorems and a General izat ion of the Puzzle 

I t is c lear that the method described in Sec
t i o n I I I w i l l terminate when there ex is ts no so lu 
t i o n to a given input conf igura t ion of the puzzle. 
However, to show that t h i s method does o f fe r a so lu 
t i o n and that it guarantees a so lu t ion when a so lu 
t i o n e x i s t s , we need the fo l low ing two theorems. The 
theorems also show that a genera l iza t ion of the puz
z le to n cubes and n colors can also be solved e f f i 
c i e n t l y w i t h t h i s method. 



mat r i x , then we can, whenever poss ib le , apply the 
interchange-tuple product ion schema such that the 
front-and-back and the l e f t - a n d - r i g h t sides of the 
tower w i l l each be composed of 2n cube-sides whose 
colors w i l l consist of two and only two of each of the , 
n co lo rs . This is the f i r s t of the two steps in a r 
ranging the cubes to conform to the so lu t i on of the 
puzzle. 

Theorem 2: Let B be the 2n-element set ( a 1 , a1, a 2 , 
a2,.. . . . . . . . . . . .an ' an} where a1 = a j i f i = j . Let A be a 
set of n ordered pa i rs where the pa i rs are chosen by 
a r b i t r a r i l y se lec t i ng , wi thout replacement, the 2n 
elements from the set B. Then one can rearrange the 
elements in the ordered pa i rs in A by possib ly swi tch
ing the order of the elements of some pa i rs in A such 
that one gets a new se t , C, of ordered pa i rs where a l l 
the elements a1, a2,.. . . . . . . . . . . . . . . . . . . . .an appear exact ly once on 
both the l e f t and the r i g h t pos i t ions of the pa i r s . 

Proof: This theorem can be proved v ia the fo l low ing 
const ruc t ive procedure. The new set , C, is o r i g i n a l l y 
n u l l . 

Step 1; Select the f i r s t ava i lab le ordered pa i r from 
A and c a l l the pa i r a. Ca l l the r i g h t element in a 
by the name b. Stop if A is empty. 

Step 2: There must be one and only one other b in the 
ava i lab le ordered pa i rs in A inc lud ing the pa i r a. 
Search for b in the ava i lab le ordered pa i rs and t h i s 
search process must succeed. If the other b is in the 
pa i r a, then go to Step 3. Otherwise, go to Step 4. 

Step 3: The other b is in the pa i r a and it must be in 
the l e f t pos i t i on of a. Remove a from A and add it to 
C. At t h i s s tep, every element that appears on the 
l e f t pos i t i on of a pa i r in C must also appear on the 
r i g h t pos i t i on of a pa i r in C. Go to Step 1. 

Step 4: The other b may be in e i the r the l e f t or the 
r i g h t pos i t i on of the new ordered pa i r . Switch the 
order of the elements in the pa i r i f the other b is in 
the r i g h t pos i t i on in the pa i r . Now c a l l the r i g h t 
element of the pa i r by the name b. Remove the pa i r 
from A and add it to C. Go to Step 2. 

Since the set A has a f i n i t e number of ordered 
pa i rs in i t , the preceding procedure must terminate 
a f t e r a f i n i t e number of steps. I t is also apparent 
that upon te rmina t ion , the set C must have the desired 
proper ty . 

Theorem 1 guarantees that i f both the f ron t -and-
back and the l e f t - a n d - r i g h t sides of the tower of 
cubes are each composed of 2n cube-sides on which each 
of the n colors is represented exact ly twice then the 
in te rchange-wi th in - tup le product ion schema w i l l allow 
us to arrange the tower of cubes to conform to the 
so lu t i on of the puzzle. Furthermore, the proof o£ t h i s 
theorem gives a simple procedure that can be used in 
the second step to arrange the cubes to conform to the 
s o l u t i o n . 

V. Conclusion: 

As Ni leson says, "Research on so lv ing puzzles 
and games has generated and re f ined many problem-solving 
ideas that are also genuinely usefu l on less f r i vo l ous 
tasks" . Puzzles and games provide a r i c h source of 
example problems for research in problem-solv ing. Many 
researchers such as Slagle and Greenblatt reported on 
research w i t h games but much less research w i t h puzzles 
is repor ted. 
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The tower of cubes puzzle w i th four cubes and 
four colors is by no means a p roh ib i t i ve puzzle to be 
solved in any method on the modem computer. How
ever, the so lu t ion of a generalized tower of cubes 
puzzle w i t h n cubes and n colors rap id ly becomes more 
and more time consuming as n gets la rger . 

As discussed in t h i s paper, the se lec t ion of a 
problem-solving method can make a b ig d i f ference in 
the e f f i c i ency of the problem so lu t i on . The methods 
discussed in Section I I are rather conventional and 
are used to i l l u s t r a t e the e f fec t of the di f ferences 
in so lu t i on methods. They are also used to serve as 
a contrast to the number theory approach proposed in 
Section I I I . I t should be noted that the procedure 
described in Section I I I i s not the only e f f i c i e n t 
so lu t i on procedure for the puzzle. There are several 
other very e f f i c i e n t methods. The Busacker-Saaty 
approach which makes use of a 12-arc, 4-node graph 
is also an e f f i c i e n t method. It uses a search for 
two d i s j o i n t subgraphs having ce r ta in p roper t ies . 

The number theory approach i l l u s t r a t e s how l o g i 
ca l reasoning and number theory techniques may be 
used in the representat ion and the so lu t ion of a prob
lem. When app l i cab le , the number theory approach may 
resu l t in a very concise representat ion of a problem 
and a very e f f i c i e n t so lu t i on method of the problem. 
At t h i s time it Is unknown j u s t how widely appl icable 
t h i s approach is to general problem so lv ing . However, 
i t is hoped that t h i s paper may st imulate other r e 
searchers to attempt to apply i t to various problems. 
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