LOWER BOUNDS AND NON-UNIFORM TIME DISCRETIZATION
FOR APPROXIMATION OF STOCHASTIC HEAT EQUATIONS

THOMAS MULLER-GRONBACH AND KLAUS RITTER

ABSTRACT. We study algorithms for approximation of the mild solution of stochastic
heat equations on the spatial domain ]0,1[%. The error of an algorithm is defined in
Lo-sense. We derive lower bounds for the error of every algorithm that uses a total
of N evaluations of one-dimensional components of the driving Wiener process W. For
equations with additive noise we derive matching upper bounds and we construct asymp-
totically optimal algorithms. The error bounds depend on N and d, and on the decay of
eigenvalues of the covariance of W in the case of nuclear noise. In the latter case the use
of non-uniform time discretizations is crucial.

1. INTRODUCTION

We study stochastic heat equations
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P
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[

AX () dt + B(t, X (1)) dW (1),
(1.1) X(0) = ¢

on the Hilbert space Ly(]0, 1[*). Here A denotes the Laplace operator with Dirichlet bound-
ary conditions and W = (W (t)):cp0,1 is a (cylindrical) Brownian motion on Ly(]0, 11%).
Under suitable assumptions on B a mild solution X = (X())cpo,1) of (1.1) exists and
is uniquely determined as a continuous process with values in Lo(]0, 1[d). See, e.g., Da
Prato, Zabczyk (1992) and Kallianpur, Xiong (1995).

The construction and analysis of algorithms that approximately solve (1.1) or more
general stochastic evolution equations on Hilbert spaces H started with the work by
Grecksch, Kloeden (1996) and Gyongy, Nualart (1997). A partial list of further contri-
butions includes Allen, Novosel, Zhang (1998), Davie, Gaines (2001), Du, Zhang (2002),
Gyongy (1999), Hausenblas (2002, 2003), Kloeden, Shott (2001), Lord, Rougemont (2003),
Shardlow (1999), and Yan (2003a, 2003b).

The algorithms that were analyzed so far have the following property in common. For a
finite number of elements gy, ..., g, € H the one-dimensional Brownian motions (W, g.)
are evaluated with the same constant step-size 1/v. Thus N = v - m is the total number
of evaluations of one-dimensional components of WW. Based upon this discretization of W
an approximation X ~ to X is constructed. Here finite difference or Galerkin methods are
often used, and the finite-dimensional systems of stochastic differential equations that arise
in this way are approximately solved by an implicit or explicit Euler method. Typically,
the error of Xy is studied at the discrete time instances /v w.r.t. the norm | - || in the
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2 APPROXIMATION OF STOCHASTIC HEAT EQUATIONS

Hilbert space H, and error bounds of the form'

(1.2) sup (BIX (/) ~ Rnt/)?) " <N
=1,..,
are established. See Gyongy (1999) and Hausenblas (2002, 2003) for results involving fur-
ther (semi-)norms in suitable (function) spaces. Gyongy, Nualart (1997), Gyongy (1998),
Printems (2001), and Yoo (2000) focus on orders of convergence for semi-discretizations.

The discretizations of W that are analyzed in the literature so far may be called uniform,
since a fixed step-size is used for all one-dimensional components of W that are evaluated.
More generally, one may use a non-uniform discretization: the one-dimensional Brownian
motions may be evaluated non-equidistantly, and the number of evaluations may be related
to, e.g., the variance function of (W, gx)/||gx||.- Then, for a fair comparison of algorithms,
the error criterion should not depend on the time discretization. In this paper we therefore
define the error of an approximation X ~ by

(1.3) o(Xn) = (E (/01 1X(8) — )A(N(t)||2dt))1/2.

Other (semi-)norms w.r.t the time variable ¢t might be used as well.

It is natural to compare different approximations X ~ that use the same number N of
evaluations of one-dimensional Brownian motions. The Nth minimal error
(1.4) e(N) = inf e(Xy)

XN

indicates how well the solution X can be approximated by any such algorithm X ~, and one
is clearly interested in methods X ~ with error close to (V). The analysis of this problem
requires an upper bound for the error of a suitable algorithm X ~ and a lower bound
that holds for the error of every algorithm X ~- We mention that minimal errors are a
key quantity in information-based complexity, see Traub, Wasilkowski, and WozZniakowski
(1988), and, e.g., Novak (1988) and Ritter (2000).

In this paper we have H = Ly(]0,1[%), and we study equations (1.1) with B given by
pointwise multiplication

(1.5) B(t,x)h = G(t,x) - h

for x,h € H and t € [0, 1], where G : [0,1] x H — H satisfies mild regularity conditions.
Operators B of that type are also considered in, e.g., Grecksch, Kloeden (1996), Gydngy,
Nualart (1997), Gyongy (1998, 1999), Allen, Novosel, Zhang (1998), Shardlow (1999),
Davie, Gaines (2001), Kloeden, Shott (2001), Du, Zhang (2002) and Yan (2003a).

Furthermore, we consider nuclear as well as space-time white noise, i.e., for the covari-
ance () : H — H of W we either suppose that @) is a trace class operator or that ) = id.
In the sequel these cases are called (TC) and (ID), respectively. For (ID), d = 1 is assumed
in order to guarantee existence of the mild solution in H. Let

d

(1.6) hi(u) = 24/%. H sin(ipmiy)

(=1

1By definition, any = by means sup ey an /by < 00 for sequences of positive reals ay and by.
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with 2 = (i1,...,4q) € N% For (TC) we assume that the normalized eigenfunctions h; of
A are also eigenfunctions of () with

Qhi = A([il2) - hs,

where A : [1,00[ — ]0, 00 is a non-increasing, regular varying function of index —v with
v € |d,00[ \ {2d}. Hence the smoothness of the noise and the smoothness of the solution
X(t), too, is controlled by ~, with larger values of v leading to higher smoothness.

A stochastic basis of the (cylindrical) Brownian motion W is given by the independent
one-dimensional Brownian motions (W, h;) with ¢ € N¢. In the definition (1.4) of minimal
errors e(N) we permit arbitrary methods Xy that use a total of N evaluations of these
processes (W, h;) at arbitrarily chosen points.

To slightly simplify the presentation we assume that

A([2]2) = [2]3”
with
v € ld, o0[ \ {2d}

in the case (TC) throughout the rest of the Introduction. We put - = 0 in the case (ID).
In Theorem 1 we obtain a lower bound:

The Nth minimal errors satisfy
e(N) = N~
where
d—/2
=12 — ————
o =12
for (TC) with v < 2d and (ID) with d = 1, and
at=1/2
for (TC) with v > 2d.

Hence there exists a constant ¢ > 0 such that e()A( ~N) > c- N~ for every algorithm that
uses a total of N evaluations of one-dimensional components (W, h;) of W. The constant
¢ only depends on the equation, i.e., on d, v, G, and £.

A matching upper bound is provided in Theorem 2 for equations with additive noise:

Suppose that B(t,z)h = G(t) - h with G : [0,1] — H. Then
e()A(;,) <N«
holds for suitable approximations )?}‘{,

Hence the upper and lower bound are sharp, up to constants, and the approximations )?j{,
are asymptotically optimal for these equations, see Corollary 1.

In the case (TC) our method )?}(, uses a non-uniform discretization, while uniform
discretizations cannot lead to asymptotically optimal approximations in general, see Re-
mark 6. By our non-uniform discretization, the one-dimensional Brownian motions (W, h;)
with 4 in a ball of radius N'/(¢*2) are evaluated with step-size proportional to |'L|g/ ? These
data are used to approximate the random Fourier coeflicients (X, h;) with j in a suitable
hyperbolic cross {] ENC:j -y < JN}.
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Lower bounds for stochastic evolution equations were unknown so far, except for the
heat equation
2

0 X(t)dt + X (t) dW (t)

ou?
on the spatial domain |0, 1[ in the case (ID), see Davie, Gaines (2001). Note that (1.7)
corresponds to the particular case G(t,z) = z in (1.5). We get a* = 1/6 from Theorem 1,
since d = 1 and v = 0, in coincidence with the lower bound for equation (1.7) from Davie,
Gaines (2001, Thm. 3.1). See Problem 8 for further discussion.

We compare our results with known upper bounds from the literature, where A is the
Laplace operator on a bounded domain D C R%, which sometimes is assumed to have a,
smooth boundary. In the sequel € > 0 may be arbitrarily small.

Hausenblas (2003) studies algorithms for stochastic evolution equations with nuclear
noise in a very general approach, see also Hausenblas (2002). Her results yield an upper
bound (1.2) for stochastic heat equations in the case (TC) with
1 (y=d+2)-(y—d)

(18) T urerd) (- ©

(1.7) dX (t)

ity <d+ 2 and

0s) b ()

it y>d+2.
Yan (2003b) studies algorithms for stochastic heat equations equations (1.1) in the case
(TC), and he obtains an upper bound (1.2) with

(1.10) a=———¢,

see also Yan (2003a).
Now we turn to stochastic heat equations in the case (ID) with d = 1. Here an upper
bound (1.2) with
a=1/6—c¢
is due to Shardlow (1999) for certain equations with additive noise and due to Yan (2003b)
for equation (1.1) in general, see also Yan (2003a). Particular cases are studied by Allen,
Novosel, Zhang (1998) and Du, Zhang (2002). Gyongy (1999) obtains an even stronger
result, namely
~ 1/2
sup (E\X(t,u) —XN(t,u)|2> <N
t€[0,1], u€l0,1]
with
a=1/6.

Recall that (1.2) is an error bound that holds at discrete time instances ¢/v, while the
error e(Xy) according to (1.3) is analyzed in this paper. Still, the algorithms Xy studied
by Hausenblas (2003), Yan (2003b), and Shardlow (1999) satisfy e(Xy) < N~*, too, with
the respective order «, which follows from the mean square-Ls(D)-smoothness of the

solution X and from the step-sizes 1/v involved. The analogous statement is obviously
true for Gyongy’s estimate, where we have a = o*.
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For those results mentioned before that deal with the case (TC) we always have av < a*.
In the limit for a low degree of smoothness and with ¢ tending to zero,

lim aa=0
y—d+
for a according to (1.8), while a* > 1/(d + 2) and
li * !
im o= ——.
y—d+ d—+2
Conversely, for a high degree of smoothness,
lim o =1/2
y—00

for a according to (1.9), while a* = 1/2 already holds if v > 2d. Finally, o according to
(1.10) does not take into account the smoothness; it coincides with a* in the limit if v
tends to d and e tends to zero.

For finite-dimensional systems of stochastic differential equations the minimal errors
w.r.t. the Ly-norm are of the order N~/2, see Hofmann, Miiller-Gronbach, Ritter (2001)
and Miiller-Gronbach (2002). Theorem 1 shows that solving a stochastic heat equation is
computationally harder than solving a finite-dimensional system if v < 2d. In this case the
minimal errors even tend to zero arbitrarily slowly in the power scale if the smoothness
parameter v is small compared to the dimension d. On the other hand, if v > 2d then
solving a heat equations with additive noise is computationally as hard as solving a scalar
stochastic differential equation.

We briefly outline the content of the paper. Assumptions and basic facts about the
heat equation (1.1) are stated in Section 2. In Section 3 we formally introduce the com-
putational problem. The lower bound for minimal errors is presented in Section 4. The
matching upper bound and an asymptotically optimal algorithm for equations with ad-
ditive noise are given in Section 5. Some open problems are discussed in Section 6, and
proofs are deferred to an Appendix.

2. ASSUMPTIONS AND BASIC FACTS

Let H = Ly(D) with D =10,1[%, and let || - || denote the norm in H. Furthermore, let
|i|o denote the euclidean norm of ¢ € N¢.

Concerning the covariance @) : H — H of the (cylindrical) Brownian motion W we
study two cases:

(TC) @ is a trace class operator with eigenfunctions h; given by (1.6) and corresponding
eigenvalues
Ai = A(l2]2),
where
A [1, 00 = ]0, 00]

is a non-increasing and regularly varying function of index —v for

v e [d, oo \ {24},

Furthermore,
/ Ar) -rTldr < oco.
1

We add that the latter property always holds if v > d.



6 APPROXIMATION OF STOCHASTIC HEAT EQUATIONS

(ID) @ =id and d = 1. Here we put
A= 1.

We refer to Bingham, Goldie, Teugels (1987) for a comprehensive study of regular vari-
ation. The simplest example of a regularly varying function A\ of index —~ is given by
Ar)=r".

In this paper we consider stochastic heat equations (1.1) with mappings B of the specific
form (1.5). We assume that G satisfies the Lipschitz condition

(2.1) |Gt z) =Gty <c-|lz—yl
as well as
(2.2) 1G(s,2) = G(t,x)|| < c-[s—t]"- (1+]z])

for all s,¢ € [0,1] and € H with constants ¢ > 0 and
~)1/2 for (TC)
= {1/4 for (ID).
Thus G is continuous and satisfies the linear growth condition
(2.3) G, 2)|| < e (1+]z])

for some constant ¢ > 0. Finally, we suppose that
1
(2.4) | ElGe x>0
0

which precisely excludes deterministic heat equations.

We briefly discuss properties of the operator B, which follow from (1.5), (2.1), and
(2.2). Let (-, -) denote the inner product in H. In the case (TC) we introduce the Hilbert
space

Hy = Q"*(H),
equipped with the scalar product

(Q'h1, Q"ha)o = (hn, ho)

for hy, hy € H. Moreover, we let

E == £2(H0, H)
denote the class of Hilbert-Schmidt operators from Hj into H, equipped with the Hilbert-
Schmidt norm || - ||z. In the case (ID) we let

L=L(H H)

denote the class of bounded linear operators from H into H, and we use || - ||z to denote
the operator norm. Moreover, we put Hy = H.

Remark 1. In the case (TC) we have Hy C Lo (D), since

(2.5) sup |[hilleo < 00,
1eNd

see Manthey, Zausinger (1999, Lemma 2.2). Hence B(t,z)h € H for every h € Hy. More-
over,

DX IB(t @)hs|)” < Sup hall% - > e G ()1,
(S

i€Nd ieNd
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and therefore

B:[0,1] x H— L.

Note that the eigenvalues u; of —A that correspond to the eigenfunctions h; are given

by
d

pi = - Z iz
=1
and the associated semigroup (S(¢)):>o in H satisfies

S(t)h,,, = exp(—u,-t) . h,
Remark 2. Clearly (1.5) defines a mapping
B:[0,1] x H— L(H, L(D)).
Because of (2.5) we can extend S(t) for ¢ > 0 to a mapping S(t) € L(L,(D), H) by
St)h =" exp(—pt) - / hi(w) - h(u) du - hy.
4ENd b
It is straightforward to verify that in the case (ID), since d = 1,
S(t) o B(t,x) € Lo(H, H)

for ¢ > 0 and
1S(t) o B(t, 2)|| ooy < - Y4 Gt 2)|
for all t > 0 and x € H with a constant ¢ > 0.

We turn to existence and properties of a mild solution of equation (1.1). Take any £ € H.
Then, under the above assumptions, there exists a continuous process (X(t))ejo,1; with
values in H, which is adapted to the underlying filtration, such that, for every t € [0, 1],

X(t) = S(t)¢ +/0 S(t— s)B(s, X(s)) dW (s)

holds a.s. Moreover, this process is uniquely determined a.s., and it satisfies

(2.6) sup E|| X ()] < o0
t€[0,1]
for every p > 1.
Put
(2.7) Bit) = A, 2 (W (L), hy)

for 2 € N and ¢ > 0. Then (3;);ene is an independent family of standard one-dimensional
Brownian motions. Let

(2.8) Y;(t) = exp(—pzt) - (€. hg) + 3 N/* - Zii (1),
where

(2.9) Zij(t) = / exp(—(t — 8)) - (B(s, X(5))h, by dBi(s).
Then

X(t)= Y;(t)-h

jeNd
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holds a.s. and in mean-square sense.

For (TC) we refer to Da Prato, Zabczyk (1992, Sec. 7.1), where a general existence and
uniqueness theorem as well as the bound (2.6) for the mild solution are given. These results
are applicable to our equations due to Remark 1. In the case (ID), a slight modification of
Theorem 3.2.1.(i) from Manthey, Zausinger (1999) together with Remark 2 yields existence
and uniqueness of the mild solution as well as (2.6).

3. THE COMPUTATIONAL PROBLEM

We approximate the mild solution X of the stochastic heat equation (1.1) for every
t € [0,1]. We study methods that evaluate a finite number of Brownian motions f3; at a
finite number of points and then produce a curve in H that is close to the corresponding
realization of X. The selection and evaluation of the scalar Brownian motions f;, i.e., the
discretization of the (cylindrical) Brownian motion W, is specified by a finite set

7 C N
and knots
O<ti;< - <ty:<1

for ¢ € Z and n; € N. Every Brownian motion (; with ¢ € 7 is evaluated at the corre-
sponding knots ¢,;. Letting n; = 0 for ¢ ¢ 7, we have n € ngﬂ and the total number of
evaluations is given by

]n]l = Z M.

€N
Formally, an approximation X to X is given by
X<t) = ¢(t7 ﬂil (tlfil)’ cee 76731 (tnil,’h)a s >ﬁik (tl,'ik)a SR 7ﬁ’ik (tnik,ik))a
where
¢:[0,1] x R — H

is any measurable mapping and Z = {4;,...,4;}. The error of X is defined by

o(X) = (E (/01 1X() — )?(t)||2dt>)1/2.

We wish to minimize the error among all methods that use a total of at most N
evaluations of the scalar Brownian motions. To this end we define

e(n) = inf{e()A() : X uses n; evaluations of 3; for every i € N4}
for n € NN* with |n|; < oo and the Nth minimal error

e(N)= inf e(n)

[n[1<N

for N € N.
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4. THE LOWER BOUND

We establish a lower bound for the Nth minimal error e(/N), which holds for every
stochastic heat equation (1.1) that satisfies the assumptions from Section 2. Henceforth
constants that are hidden in notations like? < or < may only depend on d, (\;);ena, G,

and &.
By assumption (TC),
(4.1) A(r)=r""-L(r)
with a slowly varying function L : [1, 0o] — |0, co[. We define

d—y/2
e (N) = N~V/2F il (L(Nl/(d+2)))1/2

for (TC) with v € [d, 2d],

e (N) = N"Y2,
for (TC) with 7 € |2d, oo], and
ex(N) = N"1/6
for (ID). The quantity e.(N) provides a lower bound for e¢(/N), which depends on N, d, v,

and, for slowly decaying eigenvalues, on L as well. We refer to Appendix A for the proof.
Theorem 1. The Nth minimal error satisfies

e(N) = e.(N)
for (TC) and any € € H as well as for (ID) and any & € C1([0,1]).

Remark 3. Regularly varying functions of index —2d are excluded by assumption (TC).
Our analysis can be generalized to partially cover this case, too. Suppose, for instance,
that A\(r) = r=2¢. Then one can show that

e(N)= N"V/2.InN.

5. THE UPPER BOUND AND AN ASYMPTOTICALLY OPTIMAL ALGORITHM FOR
EQUATIONS WITH ADDITIVE NOISE

In this section we consider stochastic heat equations with additive noise,
(5.1) dX(t) = AX(t)dt + B(t) dW(t),
' X(0) =¢,

so that (1.5) now reads
B(t)h =G(t) - h
for h € H and t € [0,1], where G : [0,1] — H. We write G(t,u) = G(t)(u) for simplicity,
where ¢ € [0,1] and u € D, and we suppose that
(5.2) G € cWL--1([0,1] x D).

In the case of additive noise the processes 3;, Y;, and Z; ;, form a Gaussian system, see
(2.7), (2.8), and (2.9). Hence the conditional expectations Yj;(¢) and Z; ;(t) of Y;(¢) and

2By definition, ay =< by means ay =< by and by =< an for sequences of positive reals ay and by.
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Z; j(t), respectively, given the data (;(ts;) with ¢ € Z and £ = 1, ..., n;, can be computed
explicitly. We have

Yi(t) = exp(—pzt) - (€. hs) + > N/* - Zi4(t),

1€

and ZJ depends linearly on the data. For approximation of X it suffices to study methods
of the form

(5.3) X(t) =) Y;(t)-hy
jeJ
with a finite set
J C N

Let N € N be given as an upper bound for the total number of evaluations of the scalar
Brownian motions. We determine sets 7 = Zy and J = Jy, numbers n; = n;y € N
with ZiEI n; = N, and knots ¢,; = t,; v such that the corresponding method X = X3
is asymptotically optimal, i.e., e(X5%) < e(N). In fact, we show that the lower bound for
the minimal error e(/N) from Theorem 1 is an upper bound (up to constants) for the error

of our method )?]*V, see Theorem 2 below.
We take

Iy ={i e N": i, < NV
and we put n; y = 0 if ¢ ¢ Z. Otherwise n; y is defined by

K2

d—v/2
ngN = ’VAl/Q . lerfyg . (L(Nl/(d+2)))_l/2—‘
for (TC) with v € [d, 2d] and L denoting the slowly varying function in (4.1),
niN = {/\V2 . N_‘

for (TC) with v € |2d, 00|, and
niy = [N%3]
for (ID). We obtain
Inn| = Z niN 2 N,

€N

which obviously holds in the case (ID), and which follows from ) . . /\i/ ? < o0 in the
case (TC) with v > 2d. In the case (TC) with v < 2d this bound is a consequence of
(A.15) in Appendix A.2. The scalar Brownian motions (3; with ¢ € Zy are evaluated at
the points

tg7,,;7N:£/7’Li7N, le,...,TL@N.

It remains to specify the set Jy. In the case (ID) we take
In =1y.

In the case (TC) we use a so-called hyperbolic cross

jNZ{jENd5ﬁjz§JN}
=1
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with

Nd/(d+2) X (ln N)d(d—l)/('y—d—i—Q) . <1 + (L(Nl/(d+2)))—d/(7—d+2)> if = [d Qd[

IN = ’

N/(@+2) . (Jp N)dd=D/(d+2) if v € ]2d, o0 .
In this way we have constructed a method X = X N> which yields a process with values
in span{h; : j € Jn}. See, e.g., Temlyakov (1994) and Ritter (2000) for results and
references concerning approximation based on hyperbolic crosses, either for deterministic
functions or for random fields.

Recall the definition of e,(N) from Section 4. We refer to Appendix B for the proof of
the following result.

Theorem 2. The error of the algorithm Xn satisfies
e(Xi) < e(N)
for (TC) and any &€ € CY (D) as well as for (ID) and any € € H.
Remark 4. As in Theorem 1 regular varying functions A\ of index v = —2d are not
covered by Theorem 2. However, by a slight extension of our methods of proof we are able

to treat this case if, e.g., A\(r) = r=2%,
Use the same set Zy as above and define

iy = M” .N/In N]

for ¢ € Zy. Furthermore, take Jy to be the hyperbolic cross determined by
d(d—3)
Jy = NY@+D (1n N) a2
Then X ~ satisfies
e()?j{,) <N 2.InN.

Remark 5. We discuss the size of the hyperbolic cross Jy, i.e., the number of random
Fourier coefficients that are approximated by X3. Clearly, in the case (ID)

#IN = #1Iy < N3,
For the trace class case we use

# TN < Iy - (InJy)4 1,
see Papageorgiou, Wasilkowski (1990, Lemma A.1). Consequently,
2(d?-1)
£y = NUED (1n N) a2
for (TC) with v > 2d, and
(v+2)(d—1)
#Jn = NYE@TD . (In N)%—T . <1 + (L<N1/(d+2)))—d/(v—d+2)>

in the case (TC) with v < 2d. Summarizing, for (ID) as well as for (TC) the size of the
set Jy is essentially given by the size of Ty, since

. . #HIN
Am N7 s =0
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for every ¢ > 0. We add that the latter property together with an upper bound e,(N)
cannot be achieved in general, if a ball is used instead of a hyperbolic cross. The same
conclusions hold true in the case A\(r) = r=2¢, see Remark 4, where
2(d?—d—1)
# Ty = NU(d+2) (In N) ™~ d+2

The lower and upper bound from Theorems 1 and 2, respectively, coincide, up to con-
stants. Furthermore, the lower bound from Remark 3 matches the upper bound from
Remark 4. Therefore the algorithm )?j(, is asymptotically optimal for equations with ad-
ditive noise under the appropriate assumptions.

Corollary 1. Consider the stochastic heat equation (5.1) with additive noise, and suppose

e(Xy) < e(N) < e (N).
Furthermore, if A\; = |i|5°% then
e(X%) =< e(N)=< N"'2.ImN.

Remark 6. In the case (TC) the lower bound from Theorem 1 can be improved for the
class of algorithms that use the same number v € N of evaluations for every Brownian
motion 3; with ¢ € Z, i.e., n € {0, V}Nd. We illustrate this fact for the simple equation

dX (1) = AX(t)dt + dW (t),
X(0) =0,

i.e., for G = 1 or, equivalently, for B(t,z) = id. Recall the definition of e(n) from Section 3.
The mild solution is given by

X0 = S [ exp(pitt = ) dls) i

ieNd
and Lemma 6 immediately yields
e*(n) = Z Ai -min(1/n;, 1/1;).
ieNd
Assume that A\; = |¢|57 with v € |d, 00[ \ {2d}. Then

d
124555y
e(n) = |nf, = 207

follows in a straightforward manner.
To achieve an error e(n) < e we therefore need at total of

_2(v42)
N(e) > e r—d+2

evaluation, if we discretize the (cylindrical) Brownian motion W in this way. On the other
hand,
 2(d+2)
N* (5) =g 7—d+2

if v < 2d and
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it v > 2d suffices to achieve the accuracy ¢ with the algorithm )?j{, and N = N*(g). We
always have

N(e) _

N*(e)

Moreover, N(g)/N*(e) increases if v approaches 2d, and this ratio tends to one if v tends
to d or oco. Formally, for v = 2d

lim
e—0

N(e) _2d
> o dt2,
N*(e) ~
For the moderate accuracy € = 1073 the right-hand side takes the values 100, 3981, and
10° for d = 1, 3, and 10, respectively.
Thus one always benefits from adjusting the number of evaluations of the scalar Brow-
nian motions J; to the eigenvalues \;. Sometimes the benefit is extremely large.

6. OUTLOOK AND DISCUSSION

Remark 7. We have presented an asymptotically optimal algorithm only in the case of

stochastic heat equations with additive noise. For general equations with multiplication

operators, see (1.5), upper bounds are available in the literature, as discussed in Section 1.

However, these upper bounds and the lower bound from Theorem 1 do not coincide in the

case (TC), and it remains to determine the order of the minimal error and to construct

asymptotically optimal algorithms for general equations with multiplication operators.
We conjecture that the lower bound from Theorem 1 is sharp, i.e.,

e(N) =< e,(N)

also holds in this general case, cf. Corollary 1. Furthermore, we conjecture that an asymp-
totically optimal algorithm may be based on the discretization of W that is used by the
algorithm )?}i, for equations with additive noise. Of course, conditional expectations are
infeasible in the general case.

Remark 8. We have analyzed arbitrary approximations X to X of the form

)?(t> = ¢(t7X17 s 7XN)a
where ¢ : [0,1] x RY — H is any measurable mapping and i, ..., xy with
Xi € W, = {W(t, h1> it e [O, 1], 1€ Nd}

can be selected in any way. Hence the essential restriction is: only those one-dimensional
components of the (cylindrical) Brownian motion W that correspond to an eigenfunction
of the Laplacian L may be evaluated. More generally, algorithms X with

xi €W, ={W(t,g) :t€0,1], ge H}

are studied by, e.g., Allen, Novosel, Zhang (1998), Davie, Gaines (2001), Du, Zhang (2002),
Gyongy (1999), Hausenblas (2002, 2003), and Yan (2003a, 2003b). Here any one-dimen-
sional component of W may be evaluated. For instance, in the case (ID), the random field
(W (L, g2)twep,1)) With g, = 1jg 4 defines a Brownian sheet, and evaluation of this random

field on a grid is used in several papers. Finally, algorithms X with
Xi € 2y = span W,

are studied by Davie, Gaines (2001). The closure is considered in the space of square-
integrable random variables, and 20, is called the Hilbert space generated by W.
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Associated with every class 20; we have the minimal errors e;(IV), and obviously
ea(N) < e (N) < eo(N) =e(N).
We conjecture that these minimal errors coincide, up to constants, i.e.,
e(N) =2 ex(N),

so that 20, is essentially as powerful as 20,.
Due to the upper bound from Gyéngy (1999) and the lower bound from Davie, Gaines
(2001) at least e;(N) = es(N) holds for the particular equation
92
dX(t) = WX(t) dt + X (t) dW (t)
u
in the case (ID).

Remark 9. We say that the cylindrical Brownian motion W is uniformly discretized, if
N =v-m and X is based on

{xt, - ,xn}={Wl/v,gx): t=1,...,v, k=1,...,m}

for any choice of g1, ..., g, € H, i.e., a finite number of one-dimensional components of W
are evaluated with constant step-size 1/v. It seems that all algorithms that were considered
in the literature use a uniform discretization. According to Remark 6 a uniform discretiza-
tion cannot be asymptotically optimal for that particular equation, as long as g1, ..., gm
are actually eigenfunctions of L. It would be interesting to know, whether this extends to
stochastic heat equations in general for the case (TC) and arbitrary ¢,..., g9, € H.

APPENDIX A. PROOF OF THEOREM 1

Put
A1 (R) =
|

Z )\ix/ A(r) - ritdr
R

i|2>R

for R > 1 in the trace class case.

Proposition 1. For (TC) there exist constants ¢ > 0 and mg, Ry > 1 such that

1/2
e(N) = sup sup( inf Z )\i-min(l/ni,l/ui,l/m)—c-Al(R)/m2> .

> > n[1<N
m>mg R>Ry [n| li|2>R

For (ID) with £ € C'([0,1]) there exist constants ¢ > 0 and mg, Ry > 1 such that

1/2
e(N) = sup ( inf Z min(l/ni,l/ui,l/m)—c-l/m> :

m>m, [n[1<N
="mo li]2>Ro

See Section A.1 for the proof of Proposition 1. A crude application of Proposition 1
immediately yields Theorem 1 in the trace class case with a high degree of smoothness.

Proof of Theorem 1 in the case (TC) with v > 2d. Take R = Ry, m = N?? and fix any
1* € N? with |i*|y > Ry. Then

> Xi-min(1/ng, 1/ps,1/m) > A - min(1/N, 1/pg, 1/m)

li]2>Ro
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if [n|; < N, which yields
(A1) e(N) = (/N — ¢+ Ay(Ro)/NY3)'? < N-1/2.
O

The proofs of Theorem 1 for the cases (ID) and (TC) with v < 2d are given in Section
A.2. Clearly (A.1) is valid in the latter case, too, but a proper application of Proposition 1
yields a larger lower bound as stated in Theorem 1.

A.1. Proof of Proposition 1. First, we provide an upper bound for the mean-square
smoothness of the mild solution X, cf. Da Prato, Zabczyk (1992, Thm. 9.1).

Lemma 1. The mild solution is continuous in mean-square sense. For (TC)
E[|X(s) = X®)|I* = [t = s| - (1 + ¢(min(s, 1)),
where ¥ € L1([0,1)), and for (ID)
E|IX(s) = X0l = |s — 1]~
Proof. Clearly
E|lX(s) = X ()1 = ) E(Y, Y;(1))*

jENd
Suppose that s < t. Then

(A2) ;) = Yj(s) = (exp(—p;(t — s)) = 1) - Y;(s)

=N [ exp(ptt = ) (Bl X (1) ) 4B (),

which implies
E(Yj(s) = Y;(t))* = (exp(—p;(t — s)) — 1)* - B(Y}(s))

+ [ exp(-2ui(t = ) - BB X )by, dr

Analogously,

E(Y;(s))* = exp(—2p;5) - (€, hy)* + /0 exp(—=2415(s — 1)) - E|| B*(r, X (7)) ][5, dr.

Put
Ly= ) (exp(—p;(t —s)) — 1)*- E(Y](s))
jeNd
and
n=3 / exp(~2p;(t — 1)) - BB (r. X () 3, dr-
jend v
We use (2.6) and the linear growth condition (2.3) to obtain

r, < E(/ S 1B X ()bl dr) _E (/:||B*(7’,X(r))||%2(H’HO) dr) <o

jeNd

for (TC) and

Lo< 3 [ et =) BB X0 gy dr < 3 minte = s,1/3)

jENd jeNd
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for (ID). Note that 1 — exp(—z) =< min(1, z) for z > 0, and therefore
Py = 3 min(L gt — ) - B(YV2(5))
jeNd
holds in both cases, (TC) and (ID).
Mean-square continuity for (TC) follows from }°. . E(Y7(s)) = E||X(s)[* < oo.

Obviously
Iy =< (t=5) - 1(s)

)= ni- BY}(s))

jeNd

for

Since .

1
pi- [ B0 s < €hg + [ BIB X0l
we get ¥ € L1([0, 1]). This completes the proof in the case (TC).
For (ID) we use £ € C''([0,1]) and again the linear growth condition and (2.6) to obtain
E(Y](s)) = 1/u

and therefore

ry < Z min(t — s, 1/p5).

jend
Finally, observe that
(A.3) Z min(t —s,1/p;) < (t — s)"?,
jEN
since p; =< g2 ford=1. U

Now we split the solution X into two parts X and X, and we approximate both
parts separately. The construction and the estimates are slightly different in the two cases,
(TC) and (ID).

In the trace class case we take R > 1 and m € N, and we choose points

€[l —1)/m,l/m]

with y
modm < [ ws)ds
(t=1)/m
for £ =1,...,m. Here ¢ denotes the 1ntegrab1e function from Lemma 1. Put 75 = 0 and

Tm41 = 1. Deﬁne processes Y( ) and Y ) by Y (0) =0 and Yj(z)(O) = (&, hj) as well as

= S0 [ enp(mgtt = 8) - (B, X (5o ) ()

'L|2>R Te

V2(t) = exp(—p;(t—m0)) - Yi(re)+ y_ N/ /eXp —pj(t=5))-(B(s, X(s))hi, hj) dBi(s)

li2<R e

for t € |7y, 7p11]. Clearly, by (A.2),
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D IREORY

jENd

for

A simple approximation of X is given by
()
=2 Y50
jeNd
DAy _
where Y ;7(0) = 0 and

v = > N (B, (TZ))hiahj>./ exp(—p;(t — s)) dfBi(s)

li2>R e

for t € |74, 74+1]. Thus, on each subinterval |7y, 7,41[, the process X% follows a simplified
evolution equation: the initial value is zero, B(s, X(s)) is replaced by B(7, X (7)), and
only the Brownian motions ; with |i|s > R are relevant.

Lemma 2. For (TC)

/1 BIXO() - XV @2 dt < Ay(R)/m*

and

Te+1
/ EIXO@)|? dt < Ay(R)/m

Te

Proof. For t € |1y, 74.1] and £ =0, ..., m we have

(Ad) E|xXO@) - X w)P
=33 he- [ exa(2ult - ) BB (s X(6) — Bl X)) s
jEN |[i]a>R Te

Thus, since sup; e [|Rilloo < 00,

BIXOW) - X0 3 3 A [ BIGE X () - Gl Xl ds

li2>R e
From (2.1), (2.2) with n = 1/2, (2.6), and Lemma 1 we get
B||G(s,X(s)) = G(re, X(m))|? = (s = 72) - (L + E[| X (s)[*) + E[| X (s) = X (7)|”
= (s =7) - (1 + (7).
Due to the properties of the points 7, we obtain
EIXO@) - XY@ 2 1/m? - (1 () - Y A
|t]2>R

£/m

< Ay (R)/m - / (14 (s)) ds

—1)/m
if £ > 1, which implies

/ 1 EIXO @) - XV @))? dt < A(R)/m
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For ¢ = 0 we use
E||G(s, X (5)) = G(0,8)|* = 1,
which follows from (2.3) and (2.6), to obtain

| B0 - XV de = Au(r)

The second statement in the Lemma is verified analogously. U
We proceed with an approximation of X in the trace class case. Put
m' = [m/A(R)]
and
Ap = (Teyr — )/,
so that A, < A;(R)/m?. Choose points

Ouf € [Tg—i—(k—l)-Ag,Tg—i—k'Ag]

with
To+k-Ag
Ag-p(ogr) < / Y(s)ds
T+ (k—1)-Ay
for k=1,...,m" and £ =0,...,m. Furthermore, put 0,9 = 7, and 0/+1 = Tp41. Define
2) (2
H=>Y; 1
jENd
where 7;2) (1¢) = Yj(m) for £ =0,...,m+ 1 and

V(1) = exp(—p(t — ou0)) - V5 (00)

+ Z A2 Ué,k77(2)(0'€,k))hiahj> / exp(—p;(t —s)) - dBi(s)
’L|2<R TL.k
fort € lovk, oo g1 \{Te41} with £ =0,...,mand k =0, ..., m’. Thus, on each subinterval

[T¢, Tes1], the process x? only depends on its initial value X(7y) and on the Brownian
motions 3; with |i], < R.

Lemma 3. For (TC)

1
| BIX®0 - X0 de < A1 ()
0
Proof. We fix ¢, and we consider t € |1y, 7p41[. Put

(t) = sup EIXO(r) =X ()|

T <r<t
and
G ZG 0 X (004)) Yoy poen] ()
k=0
Note that
t
_2 J—
V(0 = exp(-pstt ~ 7)) Vo) + 30 M+ [ explopsle =) (Gr) b by dito).

lil2<R Te
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Suppose that s € |ox, 0r 1] in the sequel. As in the proof of Lemma 2 we derive

EIX® () - XP )] < / E|G(r, X(r)) — G(r)||* dr,

e

and
E||G(s,X(s)) = G(s) I 2 EIXW()* + (s — 0us) - (1 + E[XP (s)[*)

(2
+ B XP(s) = XD (0,,)[]> + EIX® (044) — X'

)
(el
By a similar argument
— —
EIX?()? 21+ BIX (0 |> < m' + E|X® ()]
Since E({(XW(r), X@(v))) = 0 for r,v € [0, 1], we have
E|X®(r)|* < BIX(r)|?
and
E|XP(r) - XP(0)]* < B|IX(r) — X (v)|*
Thus ¢ is bounded and
E|G(s, X (s)) = G(s)|” = BIXD ()P + Ag - (14 (0ex)) +(s)
follows from Lemma 1. The properties of the points o) and Lemma 2 imply
t
| EBIGEX0) G| ar

0,1

m/

Te+1 t
j/ E|’X(1)(7’)H2d7“+Ag-(Tg+1—7'g)+ZA§~2/j(Ug,k)+/ ¢(r)dr
o0

e k=1

t
<M+ [ (s)ds
Te
if t > 04;1. On the other hand, if ¢ < 0y, then

/ EG(r, X(r)) — G(r)[? dr < A, < Ay(R)/m?,

E||G(s, X(s)) = G(s)II* = E|G(s, X(s)) = G(7e, X (1)) = 1.

Consequently,
¢l = M(m)m + [ )

and
sup E[XP(r) = XP ()| = Ay(R)/m?

T[ST‘<T£+1

by Gronwall’s Lemma. O

For Q = id and d = 1 we define XM, X®  and 7(1) as previously, with the specific
choice R =1 and 7, = ¢/m. Thus, in particular, Yj(z)(()) = (&, hj) and

Vi) = exp(—py(t = 7)) - V(o)

(2)

for t € |7y, 7¢41]. Moreover, we take X =~ = X,
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Lemma 4. For (ID)
1
Q/EWWU5WWWﬁﬁUm
0

Proof. Note that (A.4) is valid in the case (ID), too. Thus, for t € |7y, 7p41],

BxO() - W<Z/w2meM%KM%MMWW&

jeNd

From (2.1), (2.2) with n =1/4, (2.6), and Lemma 1 we get
E||G(s,X(s)) = G(re, X () |* =2 (s = )"/ - (1 + E|| X (s)[*) + B[ X () = X ()|

Hence
BIXO () - XV 0)2 < 1/m"2 - 3 min(1/m, /) < 1/m.
jeNd
see (A.3). O
The error of approximating X by X = 7(1) + 7(2) is therefore bounded as follows,
! - A -1/m? for (T

(A [ B - X a = 10 e oo

0 1/m for (ID).

The second ingredient to the proof of Proposition 1 is a lower bound for the error of ap-

proximating x by any method X. This bound is a consequence of Lemma 6, which deals
with approximation of Ornstein-Uhlenbeck processes, and of the fact that the numbers

big(t) = (E(B(t, X (t)hi, h)*) "
with t = 74 are not too small along a diagonal in a set 7, x J,., where
Tr={r,r+1,...}%
Put

Lemma 5. For (TC) and (ID)

D (Tep1 = 7) - big(me) = big| < 1/m'*
=0
Furthermore, there exist k € NI and r € N such that
inf bjip; > 0.
jeg, thi =
Proof. We have
m T£+1
> (e —7) - big(7) <Z/ = bij(7e)| di
=0
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According to the proofs of Lemma 4 and Lemma 2 we get

< 1/m'*

m
Z To+1 — TK ZJ(TE) - b’iﬂ'
/=0

for (ID) and

TZ+1

<ﬁ+z/ (t—7e) - (1+ ()" de

for (TC). In the latter case it remains to observe that

(e— 1)/m

Z(Tz+1 —7¢) + byi(7e) — big

(=0

Let m € N¢ and define

d
= Hcos(mwug).
=1
Moreover, let | - |, denote the sup-norm on R%. For j € 7, and k € N¢
(B(t, x)hjik, h / H cos(kemug) — cos((2je + ke)mue)) - G(t, ) (u) du
D=1
(G(t,x), f) = sup (G(t, ), fm)-
|m|oo>2r
Hence
= ! 1/2 ! 12
bions = [ (B (G X)) e [ (2( s @0.X0).52)) o
0 0 Moo 22T

and the linear growth condition together with (2.6) yields

lim 1nfb+k32/0 (E ((G(t, X (1)), fu)?))"* dt.

r—oo jeJ,
By (2.4), the right-hand side is non-zero for some k € NZ. O

For t > a, p > 0, and a standard one-dimensional Brownian motion 3 we define an
Ornstein-Uhlenbeck process by

Z(t) = / exp(—p(t — 5)) dB(s).

Lemma 6. For every p >0, n €N, and all0 <a< s <--- <5, =b< 0

b
/ E(Z(t)— E(Z(t)|B(s1), .- ,ﬁ(sn)))2 dt = (b—a) -min((b—a)/n,1/n).

Proof. Note that
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for ¢t € [a,b]. We turn to the reproducing kernel Hilbert space corresponding to the
Brownian motion (5(s) — B(a))sejq,y) and obtain

() = s (o0 - | exp(—plt — 5)) - v(s) ),

where
o € Lo([a, b)), / W) ds <1, v(sg) =+ = v(sy) = 0.

See, e.g., Ritter (2000, p. 58). Integration by parts yields

() = sup / exp(—ult — 5)) - p(s) ds,

©
where

b S¢
(A.6) ¢ € Ly(la,b]), / ©?(s)ds < 1, / p(s)ds=0for £ =1,... n.
a Se—1
Assume that ¢ € |sp_1, s¢[. Let 0 <0 <t — s,_1, and define p > 0 by
2 Sy —t
p° = )
d- (Sg — 1+ (5)

Moreover, define ¢ by

p ift—5<s<t
e(s) =< —p-0/(si—1t) ift<s<s
0 otherwise.

Then (A.6) is satisfied, and therefore
t s —t)1/? 1 —exp(—ud
(02 [ el — ) pls)ds = U )
a K ((5'(Sg—t+5))
Assume that ¢ is near the center of the /-th subinterval, i.e.,
|t = (se+ s0-1)/2] < (80— se-1) /3,
and let z* denote the positive solution of 1 + 2z* = exp(z*). Take

5_{2&—3@_1 if (t—spq) p<a*

™/ u if (t—sp-1) -p>a*
to obtain
e(t) > c- (s — 55_1)1/2
in the first case and
e(t) > c-pl/?

in the second case for some constant ¢ > 0.
Thus

/ (et > - 2/3+ 3 (se— so1) - min((s0 — s¢1),1/p)

>¢/3-(b—a) -min((b—a)/n,1/u).
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Now we use the assumption that \; = A(|¢]2) with a non-increasing regularly varying
function A of negative index (in the trace class case). Actually, for Proposition 1 to hold
only the following consequence of this property is needed.

Lemma 7. For every ¢y > 0 there exist Ry, co > 0 such that
MR) < ¢ - A(R)
ifRo<R<R<e -R.
Proof. See Bingham, Goldie, Teugels (1987, Thm. 1.5.6). OJ

Proof of Proposition 1. Let n € NONd with |n|; < N, and consider any method X that uses
n; evaluations of 3; for 4 € N¢. Let T; C [0, 1] denote the corresponding sets of knots.
Clearly
1/2

(= ([ Bixe - ff(t)ﬂ?dt)m - ([ mxo-xora)

so that, because of (A/.\5), we only have to provide a suitable lower bound for the error of
approximating X by X.
Let R > 1 and m € N. We introduce the o-algebras
Ao =0 (Fr, Uo({Bi(s) — Bi(me) : il < R, s €]m,1]}))
and
By = o ({Bi(s) — Bi(re) : il = R, s € (Ti N7, 7)) U [, 1] })

for £ =0,...,m. Let t € [1y, 7p41] in the sequel, put Y;(t) = 7;1)(15) + 7;2) (t), and define

Usgelt) = / exp(—pu;(t — 5)) dfi(s)

e

In both cases, (TC) and (ID), we have

(a) x? (t) is measurable w.r.t. 2,
(b) Bi(s) is measurable w.r.t. o(, U By) for all 4 € N? and s € T;,
c) A and B, U o (U;,(t)) are independent if |i, > R.
By (a) and (b)
— ~ — S 2 (1) (1) 2
O-X0* =D EY;(t)—(X(t),h;)) = > EY; (t)-E(Y;’ |o(AUB)))".

jeNd jeNd

(
(
E|X

Furthermore, by (c),
EYS ()o@ UB0)) = S° A (Blre, X (1)ha, hi) - E(Usjelt) | By)

|Z]2>R
and
BV )~ EWY 1) 0@UB)" = Y N2 ;(r) - E (Usja(t) — E(Usje(t) | Be))?
lil2>R
Let
nie = #((Ti N 1o, 7e41]) U {7041 })
and

0¢ = Toy1 — Te-
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By Lemma 6

/TZ+1 E (Uigue(t) = E(Us (1) | Be))* dt = 8¢ - min(8e/nig, 1/ pg)-

Te

We therefore conclude that

(A7) /OEHY@) D= S TS A B (r) - B - min(de/mes, 1),

Z‘2>RJ€Nd =0

Fix ¢ and 7, put

L1:{€2 1/,uj>5g/n,~’g}, L2:{€I ]./,LL‘7 S(Sg/n,,;l},

and note that 22”:0 ni¢ = n; +m. Moreover,

wan 5£/n,g>-1/n,+m (Z&g ZJ7‘4)

el el
and
2
Zb Tg (5@M> (255 .5 Tg)) .
eL? LeL?
Thus
m m 2
Z ) 0 - min(de/nsp, 1/p5) = min(1/ng, 1/ g, 1/m) - (Zég . b,,;h,j(Tg)) :
/=0 =0

Due to Lemma 5 there exist k € NI and mqg,r € N such that

(A.9) inf inf Z(Sg kg (Te) > 0.

]ej'r m>m0

Put R* = R - (r + max(ky, ..., kq)). Combining (A.7), (A.8), and (A.9) we obtain
/ E[X(t)— X®)|*dt = Y Ai-min(1/ng, 1/pi—g, 1/m)
i€ T+

for m > my.

Let ¢(R*) = (R*,...,R*) € N? and 4 € N with |i], > R. Clearly i + i(R*) € Jr- and
i+ i(RY) — Kl 2 |i + (R[5 < Jif5.
Therefore pi;yipe—k < ps and Ajp4r-) = A; if R > Ry according to Lemma 7. Hence
1
/ EIIX(t) = X)) dt = Y Ai-min(1/nipire, 1/, 1/m)
0 .
li2>2R

for m > mg and R > Ry. It remains to observe that |n|; < N for n € NONd given by
ﬁi = ni+i(R*). Il
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A.2. Proof of Theorem 1 in the cases (TC) with ~ € [d,2d] and (ID). The lower
bounds from Proposition 1 involve an optimization problem, and for the analysis of the
latter we introduce the nonlinear scalar equation

(A.10) 1/N - Ay(Ry) = A3(Ry)
with N € N, where

R 2
(A.11) Ao(R) = ( /1 A2 () i1 dr)
and
(A.12) A3(R) = /00 Ar) - r® 3 dr

for R > 1. Clearly A3(R) < oo. Hence (A.10) is uniquely solvable for every N € N.
Furthermore, Ry < Ry41 and (Ry)y converges to infinity.

Note that
(A.13) A3(R) < R \(R)
for v € [d, co[. Moreover, if v > d,
(A.14) A (R) < R*- \(R)
and, if v < 2d,
(A.15) Ay(R) < R* - \(R).

See Bingham, Goldie, Teugels (1987, Thm. 1.5.11).
First we study the case (TC) with v € [d, 2d[. We show that

(A.16) e(N) = (As(Ry))'"?,
and then we determine the asymptotic behaviour of A3(Ry).

Lemma 8. There exists a sequence (EN)N that converges to infinity and moreover satisfies

lim AZ(EN)

=0

and B
A1 (Ry)
im —————
N—oo lev'/\:s(RN)
Proof. Let 0 <e <1 and 0 < § < 2d — . Then, if R is sufficiently large,

A(R™9) < Retr+9)
AR) ~
see Bingham, Goldie, Teugels (1987, Thm. 1.5.6). Hence, by (A.15),
m Rc(2d—=9)
Ao(R)
which implies
A 1—¢
tim 220

R—o0 AQ (R)
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Now we specifically take
1

827—d—|—4’

and we claim that the conclusions of the lemma hold for Ry = Ry .
We first consider the case v = d. Then

MR) = R,
see Bingham, Goldie, Teugels (1987, Thm. 1.5.6), so that, by (A.13),

A1<R1—a) _ Al(Rl—e)
R4(1—¢) 'As(R) T Rd+1 . )\(R)
Take 6 < 1 to obtain

< R6—1 'Al(Rl_a).

1. Al(les)
oo R0 . A(R)

In the case d < v < 2d we assume

= 0.

d<~vy—d+4,
additionally. Then, by (A.14) and (A.13),
Ay (R') _ pela-d-2 . A(R') < Reld-—dty+d)-2
R*1-2) . A3(R) AMR) — ’
which implies
Al (Rl—a)

lim

R—oo R4(175) A A3(R) =0.

g

Proof of Theorem 1 in the case (TC) with v € [d,2d|. In order to establish the estimate
(A.16) we apply Proposition 1 and Lemma 8 with

R = Ry
and
m:R?\, > my,

which holds if N is sufficiently large. For n € NISId we define

Fn) =Y Xi-min(1/ng, 1/ps, 1/m) = Y Xi-min(1/ns, 1/ps),

li2>R li[2>R
and we claim that
2
(A.17) Jnff(n) = jnf (1/N (AP (R) — A (R)) A3<K>> .

Fix n € NN with |n|; < N. If n; < p; for every ¢ € N® with |i], > R then
Fn) =" Xi/pi = Ag(R).
li2>R

Otherwise we may assume n; > p; for every ¢ with |¢|s > R and n; > 0. Observing the
monotonicity properties of u; and A\; we may further assume that

{ieN":R<|ilp<K}C{ieN:n;>p} C{ie N R<|il, <K +1}
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for some K > R. In this case

f)= > N+ > Ai/u,-zw\f-( > A§/2> + > N/

R<|i|2<K |tl2>K+1 R<|i|2<K |t]o>K+1

Furthermore,

D Nifwi = Ay(K).

|i]2>K+1
For K < R+ v/d+ 1 it suffices to use f(n) > Ag(K) = Ag(R). Otherwise we have

1
S / N2y dr = AP (K — 1) — A (R).
R<lih<k R+Vd

K—

This completes the proof of (A.17).
We provide a lower bound for the right-hand side in (A.17). For every K > R

1/N - (A;/Q(K) - A;/Q(R))2 + A3(K) = 1/(2N) - Ay(K) — 1/N - Ay(R) + As(K)

>1/2- (1/N - My(K) + A3(K)) — 1/N - Ay (R).

Note that
1/N - Ay(K) + A3(K) > A3(Ry)

for every K > 1. Hence

inf (1/N~ (A;/Q(K) - A;/Q(R))2 + Ag(K)) = 1/2- As(Ry) — 1/N - Ay(Ry).

K>R
Now Proposition 1 and (A.17) yield
2(N) = 1/2- As(Ry) — 1/N - Ay(Ry) — ¢- A1(Ry)/RY

2 Ao(Ry)  2¢-Ai(Ry)
Ao(Ry) Ry -As(Ry))

Use Lemma 8 to complete the proof of (A.16).
It remains to determine the asymptotic behaviour of As(Ry). By (A.13) and (A.15)

|- N-As3(Ry) _ N
 MA(Ry) T R}‘ZV”'

Thus Ry = NY(@+2) and

2d—~
A3(Ry) =< RS- L(Ry) < N~ ar2 . L(NV@2)) = 2(N),
which finishes the proof.
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g

Proof of Theorem 1 in the case (ID). We proceed similar to the case (TC) with v < 2d.

We apply Proposition 1 with Ry € N and
m = N*3,
It suffices to show that
(A.18) inf f(n) = N71/3

[n[1<N
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for N > max(mg/2,uRO), where
f(n) =Y -min(1/n;, 1/p;, 1/m).
=R

Let n € N with |n|; < N. Without loss of generality we may assume
{t e N:n; >max(u;,m)} ={t €N:n; >0} ={Ro,...,K}
for some K € N with K > Rj. In this case
f(n) > i 1/n; + i 1/ max (s, m) < K?/N + i 1/ max(i*, m).
i=Ro i=K+1 i=K+1
For (K +1)* > m we get
f(n) = K?/N +1/K = N~'/3,
For (K 4 1)* < m we get
f(n) = K*/N — K/N*® + N~Y3 >3/4. N71/3,
This completes the proof of (A.18). O

APPENDIX B. PROOF OF THEOREM 2

Throughout this section we consider a stochastic heat equation (5.1) with additive

noise that satisfies the smoothness assumption (5.2). Furthermore, X is an algorithm of
the form (5.3) and based on the knots

tg,izﬁ/ni, @zl,...,ni,ieI.

In the case (ID) we take
J =1
In the case (TC) we use the hyperbolic cross

JZ{jENdiﬁjeéJ},

=1
where J > 1 is chosen in such a way that
IcJ
and
(B.1) () g S s+ Y N
i€l i¢T

We provide an upper bound for the error of X , see Appendix B.1 for the proof. In Appendix
B.2 we derive Theorem 2 from this upper bound.

1/2

ieT i¢T
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B.1. Proof of Proposition 2. Clearly, the error of X satisfies

B2 @)=Y [ Bno-H0) ey [ B
jeg /o T
with

B3)  E(¥()-T0) =S B (Zig0) ~ Zij0) + A B (Zis(0)?

icT ieT
and
(B.4) E (Yj(1)* = exp(—2pu5t) - (£, h3)” + Y X+ E(Zi5(t)" .
1€Nd
Put

Bus(t) = (Blths. ) = | hatw) - hy(w) - G(t,u)du

D

and note that B; ; € C'([0,1]) due to (5.2). For ¢ € 7 we let 3; denote the piecewise linear
interpolation of 3; at the knots t,;. We have

(B.5) Zg(t) = B; ;(1) - Bz(t) - /0 %(GXP(—W@ —5)) - Bij(s)) - Bils) ds.

Decay properties of B; ; and B;j are crucial in our analysis. Put

d
(B.6) 0i5 = 1 1/lie = iel,
(=1
LeF e
such that ¢, ; = 1 in particular.

Lemma 9. Fori,j € N¢
sup (|Bij(s)|[+B;;(s)]) < di;

s€[0,1]
Proof. For simplicity assume that i, # j, iff 1 < ¢ < k, where 0 < k < d. By partial
integration
k
/[ . Hsin(z’gﬂw) -sin(jemug) - G(s,u) d(uq, . . ., uy)
01" p=1

_ / k (Sin((ig +jg)7TUg) _ Sin((iﬁ - jg)ﬂUg)) 0 .. 9 g(s u) d(ul Uk)
0,117

(ie + je) - (G —Je) -7 Our O
Hence
24 0 0
/th(u) ~hj(u) - G(s,u)du| < - ij /D e 8_ukg(8’u) du
Clearly, the same estimate holds with 2G(s,u) in place of G(s,u). O

Lemma 10. For i € N¢

> 021

jeNd
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and

DR VO RN B VTS

jeNd
Proof. The first estimate holds, since
o d
>y < (2 07)
jeNd Jj=1

Furthermore, for every ¢ € {1,...,d},

[ie/2] ig—1 o)
i2 _ N . N
> '5”_5 = = 2_§ Y =T+ Y =)=,
jena 1 ¢=J) j=Tlie/2]+1 =igtl
J#Zz
and hereby the second estimate follows. U

Lemma 11. Let j € N. In the case (TC) with v € [d, 2d|

SN 82 2 +H]‘”/d.

ieNd

In the case (TC) with v € ]2d, 00|

> A6 <H]€ .

ieNd
Proof. Fix j € N¢. First, we assume that v < 2d. Let
Ag={ie N i, =j,iff ¢ ¢ S}
for S C {1,...,d}. It suffices to show that

d
(B.7) ST TJGe =02 =x+ 57
/=1

i€Ag les

for every S. Obviously, (B.7) holds if S = (). Inductively, we proceed as follows. Assume
that #S5 = s > 1 and that (B.7) holds for every proper subset of S. Without loss of
generality we may assume that S = {1,...,s}. Put

d 1/2
‘e ( 5 ]) |
l=s+1

B = {(iy,...,is) € N*"1: i, #£ j, for every (}
if s > 2 and B = {0} otherwise. Then

S oxi-[Jle—d)? =S<+ 5,

icAg tes

and let

where
S

=3 0 MGl ) - T e - 0~

i€B i1§j1/2 /=1
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and
S

Se =30 0 A+l +a)"?) - TG -0
1€B i1>751/2 =1
171
To derive an upper bound for ¥« we distinguish the cases

i[5+ a® > jt
and

i3 + a* < j7.
In the first case we use Lemma 7 to obtain

M@ + 135+ a*)?) 2 A(GF + 183+ a*)'7?)

for every i; € N. In the second case we take € = 1 — /(2d) and use (4.1) to obtain

A((#F + [3]5 + a®)M?) = L((55 + |83 + a®)Y?) - (47 + |i]3 + o) 77

s d
<@+ lil+a)” - TTa" I s

/=1 l=s+1
TR R
/=1 l=s+1

for every iy < j;/2 since € > 0, see Bingham, Goldie, Teugels (1987, Thm. 1.5.6). Hence

d
(B.8)  A((2 + 32+ a®)?) 2 A((5F + |i]2 + a®)V/?) Hze T

{=s5+1

for all ¢ € B and 4y < j;/2. Furthermore, by hypothesis,

s

(B.9) S0 MUT+ 13+ a) ) TG de)

1€B i1 §j1/2 /=1
. ) . —y/d
<Y MU HIEE+a) ) ] [le— 077 = A +Hy e,

i€B (=2

On the other hand
d
(B.10) > > i Hzﬂd H 3, H (ie — jo) % = gy - 2= [ L0
i€EB 21<]1/2 = s+1 /=1 (=2

where the logarithmic term is needed to cover the case v = d. Note that —2 4+ ¢ < —v/d.
Combining (B.8), (B.9), and (B.10) we therefore get

d
Se =N+ [0
/=1

The sum < can be bounded as follows. By Lemma 7

A3 + i3 + a®)?) 2 A((GT + |83 + a®)'?)



32 APPROXIMATION OF STOCHASTIC HEAT EQUATIONS

for every iy > j;/2. Thus, by hypothesis, we get

d
S =N+ [
=1
analogously to (B.9), which completes the proof of (B.7).
Now we turn to the case v > 2d, and we put € = 7/2 — d. Since £ > 0, the slowly
varying function L in (4.1) satisfies

L(lé]2) = 4[5
for every 4 € N¢, see Bingham, Goldie, Teugels (1987, Thm. 1.5.6). Hence

i 075 < (r=e) . 52
|y i

icNd i€Nd
D | (A
i€Nd (=1
d
= (Z ig 7 max(fie — el 2, 1)) .
¢=1 \ igeN

Observe that (v —€)/d > 2. Thus
> iy 07 ma(fie il 1)

ipeN
d —
—(v—¢)/ +ZJ 75)/+Z (y—e)/d Ze—je)Q
Ze<]g/2 Z€>J[/2
LeF e
<4
which finishes the proof. O

Now we provide an estimate for approximation of Z; ;(t) by its conditional expectation
Z,,;7j(t). Put
A; = X (tei —te—14)

for © € Z, where ty; = 0, and note that Z\” =0if1 ¢ 7.
Lemma 12. Fori,j € N¢

sup E(ZEJ( )) = 1/:“.7 63]
te(0,1]
Fori €T and j € N¢
. 2
sup E (Zi,j(t) _ Z,.,j(t)> < A2
te(0,1] 7

Proof. Use

BZ2,0) = [ expl=ugtt = ) B (5)ds < 1/s sup B0

s€[0,t]
and Lemma 9 to derive the first estimate.
Put

f(s) = exp(=p;(t = 5)) - Bij(s).
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Use (B.5) and the analogous formula for Z; ; to obtain

~ 2 2
B (2i5(0) - Zis(0)” = 8,08 (50~ Bu0) + £ ([ 7169 (3s) - i) s
Recall that §; and Bz are Gaussian. Moreover,

B (500~ i) < A

Therefore
t . 2 t 2
E (/ 1'(s) - (Bils) = Bils) ) ds) <A (/ 1£(s)] ds) ,
0 0
and hereby
. 2 t 2

B (25t~ Zug) < - (B0 + ([ 1791 as) ).

Clearly,
[ 176 ds < s (1Basts) + B4
s€[0,1]

Use Lemma 9 to complete the proof of the second estimate. O

Proof of Proposition 2. Lemma 12 together with (B.2), (B.3), and (B.4) yields
(X)) X8+ %,

where
DTS VIR
JjeJ \ i€l i¢7
and
22=Z<1/u3 —i—Z/\/,uJ )
Ng ieNd
By Lemma 10

X = ZAZ/TLZ + Z)\i//vbiu

icT igT
and it remains to establish the analogous estimate for .

In the case (ID)
2y = Z 1/p; < ZAz/nz + ZM/M
J¢L i€ T
by means of the first estimate from Lemma 10 and Z = J.
In the case (TC), by assumption on &,

A
._.:&
=

Put 6 = (min(y,2d) — d+ 2)/d. Then

d d d
PRVZRANEEDBIVER | =D | Eam=0 N | F/aan

J¢T J¢T =1 JEJ =1 JgJ =1
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Lemma 11 yields

DO Nifus 055 2D Nifmi+ Y 1dls” sz (02l

J¢J ieNd 12T NS
.—(0
<o XL
i2J JET =1

if v < 2d and

d
Z Z )‘i//ﬁj : (52]- =< Z Hj;(€+1)

JE€JT ieNd JE€T =1
if v > 2d. Since Z C J, we conclude that

d
Yo = Z i/ i + Z H][(OH)

i¢T J¢T =1

in both cases. Furthermore,

I = =

JeT =1
see Papageorgiou, Wasilkowski (1990, Section 2.2). Thus by property (B.1) of J
¥y = Z Ai/ 1 + Z Aif i,
icT igT

which completes the proof. O

B.2. Proof of Theorem 2. Now we suppose that Z = 7 and n = ny as defined in
Section 5. Recall the definition of e,(N) from Section 4.

Lemma 13. For (TC) and (ID)
> Nifnin + Y Nifps < €2(N).
1€IN 1ZIN

Proof. For (ID) the lemma trivially holds. In the case (TC) with v < 2d we have
d—~/2
Z )\i/ni’N < NV a2 . (L(Nl/(d+2)))1/2_ Z )\1/2
seln il <N1/(d+2)

- N T (L(NY2)) 2 (A (N d42)) 2

= ¢(N)- N &z . (L(Nl/(d+2)))71/2 . (A2<Nl/(d+2)))1/2

*

and
D oXifui= D Nifpa = Ag(NVE)
i¢IN |i]o>N1/(d+2)
with Ay and A3z according to (A.11) and (A.12). Moreover,
d—v/2

(A(NVHN) Y2 < N aya L (L(NY@4)) 2
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by (A.15) and
Ag(NY(@+2)) = N L(NY@2)) = ¢2(N)

by (A.13). This completes the proof in the case v < 2d.
In the case (TC) with v > 2d

Z Ai/ni N + Z Ai/ps = 1/N - Z A2+ Z i/ 1hi

i€IN i€IN |i]o<N1/(d+2) |i]a>N1/(d+2)

- BQ(N) . (AQ(Nl/(dJ,—Q)))l/Z +A3(N1/(d+2))

= e2(N) + Ag(NV@+2),
since supg>; Ao(R) < oco. Furthermore, by (A.13) and since L is slowly varying,
d—2—v —(y—2d)
Ag(NY@2Dy = N7arz . [(NV@H2) = 2(N) . N” a2 . L(NY@H2D) < 2(N).
On the other hand
> Xi/nin > Nir/ng x < 1/N < e2(N)
1€IN
fora" =(1,...,1). O
Finally, we suppose that J = Jy and J = 7, as defined in Section 5. Then Zy C Jy.

Moreover, In Jy =< In N, and it is straightforward to verify that

__ min(y,2d)—d+2
Iy d < e2(N)-(InN)~@-,
Hence Lemma 13 yields (B.1).

We thus obtain Theorem 2 from Proposition 2 and Lemma 13.
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