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Abstract. We introduce infinite families of perfect nonlinear Dembowski-
Ostrom multinomials over F,2x where p is any odd prime. We prove that
for k odd and p # 3 these PN functions define new commutative semi-
fields (in part by studying the nuclei of these semifields). This implies
that these functions are CCZ-inequivalent to all previously known PN
mappings.
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1 Introduction

For any positive integer n and any prime p a function F' from the field Fp» to
itself is called differentially §-uniform if for every a # 0 and every b in Fyn,
the equation F(x + a) — F(z) = b admits at most ¢ solutions. Functions with
low differential uniformity are of special interest in cryptography (see [3,24]).
Differentially 1-uniform functions are called perfect nonlinear (PN) or planar.
PN functions exist only for p odd. For p even differentially 2-uniform functions,
called almost perfect nonlinear (APN), are those which have the lowest possible
differential uniformity.

There are several equivalence relations of functions for which differential uni-
formity is invariant. First recall that a function F' over Fpn is called linear if

F(x) = Z aia:pi, a; € Fpn.

A sum of a linear function and a constant is called an affine function. We say
that two functions F and F’ are affine equivalent (or linear equivalent) if F' =
Aj o F' o Ay, where the mappings Aq, A, are affine (resp. linear) permutations.
Functions F' and F” are called extended affine equivalent (EA-equivalent) if F/ =
Aj o FoAs+ A, where the mappings A, Ay, Ay are affine, and where A, As are
permutations.

* Part of this work was presented at SETA’08 [7]



Two mappings F and F’ from Fp» to itself are called Carlet-Charpin-Zinoviev
equivalent (CCZ-equivalent) if for some affine permutation £ of Ff,n the im-
age of the graph of F' is the graph of F’, that is, L(Gr) = Gp» where Gp =
{(z,F(z)) | © €Fpn} and Gpr = {(z, F'(x)) |  €F,n}. Differential uniformity
is invariant under CCZ-equivalence. EA-equivalence is a particular case of CCZ-
equivalence and any permutation is CCZ-equivalent to its inverse. In [6], it is
proven that CCZ-equivalence is even more general. In the present paper we prove
that for PN functions CCZ-equivalence coincides with EA-equivalence (this has
been also independently proven in [20]).

Almost all known planar functions are DO polynomials. Recall that a func-
tion F' is called Dembowski-Ostrom polynomial (DO polynomial) if

F(x) = Z Clijkarpj.

0<k,j<n

When p is odd the notion of planar DO polynomial is closely connected to the
notion of commutative semifield. A ring with left and right distributivity and
with no zero divisors is called a presemifield. A presemifield with a multiplicative
identity is called a semifield. Any finite presemifield can be represented by S=
(Fpn,+, %), where (Fpn, +) is the additive group of Fp» and zxy = ¢(z,y) with
¢ a function from F2. onto Fpn, see [11].

Let S1 = (Fpn,+,0) and Sy = (Fyn, +,%) be two presemifields. They are
called isotopic if there exist three linear permutations L, M, N over Fy» such
that

L(zoy) = M(x)* N(y),

for any x,y €Fpn. The triple (M, N, L) is called the isotopism between S; and
So. If M = N then S; and Sy are called strongly isotopic.
Let S be a finite semifield. The subsets

N(S)={aeS: (axz)xy=ax(z*y) for all x,y € S},
Np(S)={aeS: (zxa)xy=ax*(axy) for all z,y € S},
N, (S)={a€eS: (zxy)xa=zx*(y*a) for all z,y € S},

are called the left, middle and right nucleus of S, respectively, and the set
N(S) = Ni(S) N Np(S) N N,(S) is called the nucleus. These sets are finite
fields and, if S is commutative then N;(S) = N,(S). The nuclei measure how
far S is from being associative. The orders of the respective nuclei are invariant
under isotopism [11].

Let S = (Fpn, +,%) be a commutative presemifield which does not contain
an identity. To create a semifield from S choose any a € F,. and define a new
multiplication o by

(xxa)o(axy)=xz*y

for all z,y € Fyn. Then S' = (Fpn,+,0) is a commutative semifield isotopic
to S with identity a x a. We say S’ is a commutative semifield corresponding
to the commutative presemifield S. An isotopism between S and S’ is a strong
isotopism (Lq (), Le(x), z) with a linear permutation Lo(z) = a * z, see [11].



Let F be a planar DO polynomial over Fpn. Then S = (Fyn, +, %), with
zxy=F(z+y)— F(z)— F(y)

for any x,y € Fn, is a commutative presemifield. We denote by Sp = (Fpn, +,0)
the commutative semifield corresponding to the commutative presemifield S with
isotopism (L1(z), L1(x),z) and we call Sp = (Fyn, +,0) the commutative semi-
field defined by the planar DO polynomial F. Conversely, given a commutative
presemifield S = (Fpn, +, ) of odd order, the function given by

F(x) = %(m*x)

is a planar DO polynomial [11]. We prove in Section 4 that for planar DO polyno-
mials CCZ-equivalence coincides with linear equivalence. This implies that two
planar DO polynomials F' and F’ are CCZ-equivalent if and only if the corre-
sponding commutative semifields Sy and Sp/ are strongly isotopic. It is proven
in [11] that for the n odd case two commutative presemifields are isotopic if and
only if they are strongly isotopic. There are also some sufficient conditions for
the n even case when isotopy of presemifields implies their strong isotopy [11].
Thus, in the case n even it is potentially possible that isotopic commutative pre-
semifields define CCZ-inequivalent planar DO polynomials. However, in practice
no such cases are known.

Although commutative semifields have been intensively studied for more than
a hundred years, there are only eight distinct cases of known commutative semi-
fields of odd order (see [11]), and only three of them are defined for any odd
prime p. The eight distinct cases of known planar DO polynomials and corre-
sponding commutative semifields are the following:
(i)
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over Fp» which corresponds to the finite field Fyn;
ey

over Fpn, with n/ ged(t,n) odd, which correspond to Albert’s commutative
twisted fields [1,13,18];
(iii) the functions over F,2x, which correspond to the Dickson semifields [14];
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over Fsn, with n odd, corresponding to the Coulter-Matthews and Ding-
Yuan semifields [10, 16];
(v) the function over Fszx, with & odd, corresponding to the Ganley semifield
[17);
(vi) the function over Faax corresponding to the Cohen-Ganley semifield [9];
(vii) the function over Fzio corresponding to the Penttila-Williams semifield [25];



(viii) the function over F3s corresponding to the Coulter-Henderson-Kosick semi-
field [12].

The representations of the PN functions corresponding to the cases (iii), (v)-
(vii), can be found in [21,22]. The only known PN functions which are not DO
polynomials are the power functions
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over F3», where t is odd and ged(¢,n) =1 [10,19].
Let p be an odd prime, s and k positive integers, and n = 2k. In Sections
2 and 3 of the present paper we introduce the following new infinite classes of
perfect nonlinear DO polynomials over Fpn:

()
pk k—1 )
O (O D Bt
=0

where Zf:_ol cixpi is a permutation over Fy,» with coefficients in F,», b € F;n,
and ged(k+s, 2k) = ged(k+s, k), ged(p®+1, pP+1) # ged (p*+1, (pF+1)/2).
(ii%)
k-1 o
bxpSJrl + (bxps+1)pk + Cxpk+1 + Zrixpk*—l‘kpl’
i=1
where b € F;n is not a square, ¢ € Fpn \ Fpi, and r; € F e, 0 <4 < k, and
ged(k + s,n) = ged(k + s, k).

)

Another case of new planar DO polynomials is the family of PN binomials*
which have been constructed in [26] by extending the family of APN binomials
of [5]:

(iii*)
P I O

over Fy s, where a is primitive in Fps, ged(3,¢) = 1, t —s = 0 mod 3,
3t/ ged(s, 3t) is odd.

In Section 5 we prove that the introduced PN functions (i*) and (ii*) are
CCZ-inequivalent to the functions (i) and (ii). It means that (i*) and (ii*) define
commutative semifields non-isotopic to finite fields and to Albert’s commutative
twisted fields.

Section 6 is dedicated to the study of the nuclei of the commutative semifields
defined by (i*) and (ii*). In particular, we prove that for k£ odd the commutative
semifields defined by the functions (i*) are CCZ-inequivalent to Dickson semi-
fields. The results of Sections 5 and 6 imply in particular that for p # 3 and k
odd the PN functions of (i*) define new commutative semifields.

This paper is an extended version of the work presented at SETA’08 [7].
Proposition 4 and all results of Section 6 are the new contributions of this article.

* The paper [26] became publicly available only after the submission of the paper [7].



2 A new family of PN multinomials

In [23] Ness gives a list of planar DO trinomials over Fpn for p < 7, n < 8 which
were found with a computer. Investigation of these functions has led us to the
following family of planar DO polynomials.

Theorem 1. Let p be an odd prime, s and k positive integers such that ged(p®+
1,pk +1) # ged (p* + 1, (p* + 1)/2) and ged(k + s,2k) = ged(k + s, k). Let also
n =2k, beF,., and Ei':ol ciz?" be a permutation over Fpn with coefficients in
F . Then the function

k k—1
s s p i
F(a) = (o) (b)) 47 ciar @40
i=0
is PN over Fyn.

Proof. Since F is DO polynomial then it is PN if for any a € F. the equation
F(z+a) — F(z) — F(a) = 0 has only 0 as a solution. We have

A(x) = F(x+a) — F(z) — F(a)

k+s k

s s s ky/ s k k+s
= (aa? +aP @) — b P (P g paP )
k—1
2 k41 k+i i
+ E ci(aP z? +aP aP).
i=0

Any solution of the equation A(x) = 0 is also a solution of A(x) + A(x)pk =0
and A(x) — A(x)pk = 0, that is, a solution of

k

[

ci(apixpk“ + apkﬂxpi) =0, (1)

=0

~

b (aa?” + a? x) = b 0D (0P 2" 4 P "), 2)

Since Zi‘:ol c;z?' is a permutation then (1) implies
az?’ = —a?" z. (3)

Now we can substitute az?" in (2) by —a?"z and then obtain

s s s k(o s k+s k__ s s k+s k__
Wt (aa?” 4 aP @) = —bP BTN (PPN gt g Pt g

that is,

(bp'”rla + bp’“(p“rl)ap"’“wkfps)xps _ _(bp“rlaps + bp"’(PSJrl)ap"’“er"’71)x

)

and since a, b # 0 then for = # 0

pri+lgp” 4 pp" (7 1) gp" T pt -1

p°—1 - _ - p®—1 4
* ppet+lg 4+ pp*(p+1) gp*te+pk—p* “ ’ (4)




when
k s k+s k s
pP* =D (@°+1) " pt —p* -1 £ —1. (5)

Now assume that for some nonzero a inequality (5) is wrong, that is, (ba)(pk_l)(ps“) =

—1. Then —1 is a power of (p¥ — 1)(p® + 1) which is in contradiction with

ged(p® + 1,pF + 1) # ged (p* + 1, (p* +1)/2) since —1 is a power of (p" —1)/2.
From (3) and (4) we get

AT S § (6)

where y = z/a. Since n = 2k then the first equality in (6) implies y”“s =y,
that is, y € Fpees. Thus, if ged(k + s,2k) = ged(k + s, k) then y € Fpecaran)
which contradicts the second equality in (6), that is, y”k’1 =1 # —1, for any
y # 0. Therefore, the only solution of A(z) =01is z = 0.

3 Another family of PN multinomials

In this section we show that one of the ways to construct PN mappings is to ex-
tend a known family of APN functions over Fan to a family of PN functions over
F,» for odd primes p. Below we construct a class of PN functions by following
the pattern of APN multinomials over Fy2r presented in [4].

Theorem 2. Let p be an odd prime, s and k positive integers, n = 2k, and
ged(k + s,n) = ged(k + s,k). If b € F . is not a square, ¢ € Fyn \ F, and
ri € Fpre, 0 <i <k, then the function

pks

k—1
F(z) = Trik(bxpsﬂ) +ex? 4 Z rixpkHerl
i=1

15 PN over Fyn.

Proof. We have to show that for any a € F,,. the equation A(x) = 0 has only 0
as a solution when

A(x) = F(x +a) — F(z) — F(a)

E

-1
= Trik (b(x;ﬂsa + xaps)) n c(xpka i Z‘apk) + - (xpk-ﬂ R apk-ﬂ).

=1

After replacing x by ax we get

Ay (z) = Aaz) = Trek (ba”sﬂ(xps + x)) + capkﬂ(xpk +x)

k-1
ki i kti i
+Y a4 g,
i=1



Since A1 (z) = 0 then Ay (z)—A;(z)P" = 0, that is, (ca?" 1 —cP" a?* +1) (2P" +2) =
0. Thus, (¢ — cpk)apk“(xpk + z) = 0 and, therefore,

¥ = —x

since ¢ € Fpoe \ F .
Substituting #P* = —z in A;(z) = 0 we obtain

Al(x) _ baps+1(xps + x) + bpk- aps+k+pk (xps+k + xpk)

_ (baPSH -~ bp’“aps+’“+p’“)(xp" +a).
Hence, if
ba? ! £ pp" g " (7)

then
P = —x.

s+k

s k k oL
Assume that ba? t' = bP aP" TP for some nonzero a. Then we get equalities

prt =1 — Pt l=pt Tt 0t )" -1 (0T -1 (" 1)

which imply that b is a power of gcd(p® + 1, p¥ +1) and of ged(p*t* —1,p* +1).
Thus, inequality (7) holds for any a # 0 if b is not a power of gcd(p®+1,p*+1) or
a power of ged(p*t* —1,pF+1). Since ged(p® +1,p" +1) and ged(p*t* —1,p* +1)
are even then we cannot have inequality (7) for any nonzero b but we have this
inequality, in particular, when b is not a square in F;n.

Since 27° = —z and 27" = —x then 27" = 2?" and then by taking the
pF-th power we get 27 = z. Hence, if ged(k + s,2k) = ged(k + s, k) then
T € Fecak+sn) and g But ot = —x, which implies z = 0.

4 On the equivalence of PN functions

We prove below that for PN functions CCZ-equivalence coincides with EA-
equivalence. In particular it means that PN functions are never permutations.

Proposition 1. Let F' be a PN function and F' be CCZ-equivalent to F. Then
F and F' are EA-equivalent.

Proof. If functions F' and F’ are CCZ-equivalent then there exists an affine
permutation £ over an such that £L(Gp) = Gpr where Gp = {(x,F(2)) | z €
F,»} and Gp = {(z,F'(x)) | © € Fpn}. The function £ in this case can be
introduced as £(x,y) = (L1(x,y), L2(z,y)) where Ly, Ly : Fin — Fpn are affine
and L (z, F(x)) is a permutation (see [6]). Let us see whether there exists such
a function L; when F is PN. For some linear functions L, L' : F,n — Fy» and



some b € F, we have L1(z,y) = L(z)+L'(y)+b. If L1 (=, F(z)) is a permutation
then for any nonzero a

L(z) + L'(F(x)) + b # L(x +a) + L'(F(z + a)) + b,

that is, L'(F(x + a) — F(z)) # —L(a). Since F is PN then F(z + a) — F(x)
is a permutation. Thus, the inequality above implies L'(c¢) # L(a) for any ¢
and any nonzero a. First of all we see that L is a permutation since otherwise
L(a") = 0 = L'(0) for some nonzero a’ and so we get the inequality L'oL™1(c) # a
for any ¢ and any nonzero a which in its turn means L' o L™! = 0, that is, L' = 0.

By the definition of CCZ-equivalence and by the data obtained above we get
for CCZ-equivalent functions F' and F’ that F/ = Fy o Fl_l7 where

Fi(z) = L1(z, F(x)) = L(x) + b,

Fy(x) = La(z,F(z)) = L"(z) + L' (F(z)) + b
with 0,0 € Fyn, L, L”, L" linear and L a permutation. Note that

() = L'"(F7(2) + L (F(FT (@) ) + = A@) + A1 o F o Ay(a)

where Ay(z) = F; () is an affine permutation, A = L” o F; ! is affine, and we
show below that the linear function A; = L is a permutation. Indeed, the affine
function £(z,y) = (L(z) + b, L"(z) + L""(y) + ') is a permutation, that is, the
system of two equations L(z) =0 and L”(x) + L"'(y) = 0 has the only solution
(0,0), and then L"(y) = 0 should have the only solution 0 which implies that
L' is a permutation. Thus, F' and F’ are EA-equivalent.

From the result above we get the following obvious corollaries.

Corollary 1. If a PN function F is CCZ-equivalent to a DO polynomial F’
then F' is also DO polynomial.

Corollary 2. Perfect nonlinear DO polynomials F and F' are CCZ-equivalent
if and only if they are linear equivalent.

Now it is obvious that CCZ-equivalence of two DO planar functions implies
strong isotopism of the corresponding commutative semifields.

It is also obvious that DO polynomials cannot be CCZ-equivalent to the PN
functions 3 /2 over F3» with ged(n,t) = 1, ¢ odd. Indeed, z3'+1/2 is not,
DO polynomial because ?’tTH =24 Y013

5 On the inequivalence of the introduced PN functions
with known PN mappings

Note that the functions of (i*) and (ii*) are defined over F 2« for any odd prime
p. Obviously, we can say the same only about PN functions of the cases (i), (ii)



and (iii), while the cases (v)-(viii) are defined only for p = 3 and cannot cover
all the functions of Theorems 1 and 2. So when proving CCZ-inequivalence to
the previously known PN functions we mainly concentrate our attention on the
functions (i), (ii), and (iii).

In the proposition below we show that any function which is CCZ-equivalent
to 22 should have some monomial of the form 2P’ for some t,0 <t <mn,in its
polynomial representation.

Proposition 2. Let p be an odd prime and n be a positive integer. Any function
F of the form
F(x) = Z aijpk+p.7
0<k<j<n

over Fyn is CCZ-inequivalent to x2.

Proof. Since z? is a planar DO polynomial then, by Corollary 2, CCZ-equivalence
of F to 22 implies the linear equivalence, that is, the existence of linear permu-
tations L1 and Lo such that

(L1(2))* + La(F(z)) = 0. (8)

Let .
Li(z) = Y wat, 9)

1=0

Ly(z) = i via? . (10)
=0

Then equality (8) implies

pi

n—1 2 n—1

i k4 i

0= Zuix” + Zvi Z ag;x? P
i=0 =0

0<k<j<n

n—1

i i j i ik ]

= E uir® 42 E wjujx? TP+ E vap;x” P +p7),
i=0

0<i<j<n 0<k<j<n,0<i<n

Since the identity above takes place for any x € Fpn then obviously u? = 0 for
all 0 < i < n, that is, Li(x) = 0. This contradicts the condition that Ly is a
permutation. Hence F is CCZ-inequivalent to 2.

Corollary 3. The functions (i*) and (ii*) are CCZ-inequivalent to z* and de-
fine commutative semifields non-isotopic to a finite field.

Proof. By Proposition 2 the functions (i*) and (ii*) are CCZ-inequivalent to
22 and, therefore, by Corollary 3.10 of [11] they define commutative semifields
non-isotopic to a finite field.



We give below a sufficient condition on DO polynomials to be CCZ-inequivalent
to the PN functions of the case (ii).

Proposition 3. Let p be an odd prime number, n, n' and t positive integers
such that n’ <n and n/ ged(n,t) is odd. Let a function F: Fyn — Fpn be such
that

F(x) = ZAi(xp""url)’
i=0

where 0 < s; < n and s; # s, for all i # j, 0 <i,j <n/, and the functions A;,
0<i<n/, are linear. If t # s; and t # n — s; for all 0 < i < n’ then the PN
function G(z) = zP T is CCZ-inequivalent to F.

Proof. Assume that F' and G are CCZ-equivalent. Since G is planar DO polyno-
mial then, by Corollary 2, CCZ-equivalence implies the existence of linear per-
mutations L1 and Lo, defined by (9)-(10), such that G(L1(z)) + Lz(F(z)) = 0.
We get

pi

n—1 ) pi+1 n—1 n’ B
0= (Z uia:p > + Z’Uz' ZAi(prH—l)
i=0 i=0 =0

n—1 . n’
bt
= E um? P TP 4 E Al(xP T,
i,5=0 i=0

where A%, 0 < i < n/, are some linear functions. Since the latter expression is
equal to 0 then the terms of the type 22", 0 < i < n, should vanish and we get

wl, =0, 0<i<n. (11)

Since t # s; and t # n — s; for all 0 < ¢ < n’/ then canceling all terms of the
% t
type 2P ' +1) 0 < i < n, we get

uiuft = —ui+tufit, 0<i<n. (12)
Equalities (13) and (14) imply L; = 0. Indeed, if u; # 0 for some ¢ then from
(13) we get u;—y = 0 while from (14) we get u;,—; # 0. But Ly is a permutation
and cannot be constantly 0. This contradiction shows that the functions F' and
2P *1 are CCZ-inequivalent.

From proposition above and Corollary 3.9 of [11] we get the following straight-
forward corollaries.

Corollary 4. The functions (i*) and (ii*) are CCZ-inequivalent to zP' *1 when
s # +t.

Corollary 5. The functions (i*) and (ii*) are CCZ-inequivalent to all the func-
tions (ii) and define commutative semifields non-isotopic to all Albert’s commu-
tative twisted fields when 2k/ ged(2k, s) is even.



Further we can prove that, under some conditions on coefficients, the func-
tions (i*) are CCZ-inequivalent also to 2P *.

Proposition 4. If F' is a functions of (i*) with b= 1, ¢ = £1 and ¢; =0 for
1 <i <k then it is CCZ-inequivalent to G(z) = xP 1,

Proof. We have

Flo) = o+ = g gt
Assume that F and G are CCZ-equivalent. Since G is planar DO polynomial
then CCZ-equivalence implies the existence of linear permutations L; and Lo

(defined by (9) and (10)) such that G(L1(z)) + La(F(z)) = 0. We get

n—1 ) p+1 n—1 pi
0= Z w;x? + Z V3 (xp'g“ _ P 4 xpk“)
i=0

=0
n—1 n—1 n—1 n—1
to i, gt its i itstk_ itk itk i
— E Uﬂlg xP +p + § ’Uz'l‘p +p _ E Uil‘p +p + § vixp +p ,
1,7=0 =0 =0 =0

Since the latter expression is equal to 0 then the terms of the type x2pi, 0<i<n,
should vanish and we get

s

wul_ =0, 0<i<n. (13)

1—s

Considering items with exponents p'** 4+ p’ and with exponents p'** + pf, 0 <
1 < n, we get

i = Vi ugul gl =0, (14)
tv; + uiug,@,s + uz‘+ku€is =0 (15)

Equality (15) implies
+v; = —(uiuﬁk,s + uz‘-q-kuf;s) = tVitk- (16)

Equalities (14) and (16) imply
0=v; — vipp = —(wul +uipsul ) (17)

If u; # 0 then u;—s = 0 by (13). But if u;—s = 0 then uw; = 0 by (17). Hence,
L; = 0 which is impossible since L; is a permutation. This contradiction shows
that the functions F and xP t1 are CCZ-inequivalent.

Corollary 6. Ifb=1,co = 1 and ¢; =0 for 1 <i < k then the functions (i*)
are CCZ-inequivalent to all the functions (i) and define commutative semifields
non-isotopic to all Albert’s commutative twisted fields.



6 Nuclei of the new semifields

Theorem 3. Let F' be a PN function of the family (i*) with b € F,.. Then the
middle nucleus of the commutative semifield defined by F has a squire order.

Proof. For any z,y € F 2 we denote

xxy=F(z+y)— F(z)— F(y)
_ bp"+1(xyp5 + xpsy) _ bp’“(p"ﬂ)(xp’“yp"’“ + xp’“’syp’“)

o
=

Y ey Ty, (18)

~
Il
o

and

e
|
—

L(z) = 1xz = 0" (x4 2P") —bpk(ps"’l)(xpk +a:pk+s)+ ci(a?" —|—xpk+i). (19)

%

Il
=]

Then the multiplication o of the commutative semifield S defined by F' is
zoy=L""(z)* L™ \(y), (20)

for any z,y € F .
We are going to prove that for any x,y € F 2+ and any a € F)2

(zo L))oy = (yo L(a)) o,

or, since L is a permutation then, equivalently, we need to prove that

(L(x) o L(a)) o L(y) = (L(y) o L(e)) o L(x),

that is,
L zxa)xy =L (y*a)*z. (21)

‘We have

Ly + L(z) =2 ci(a? +a7""),

L(z)"" = L(z) = 207" 7D (" 4 22"y — 2pP (g 4 o).
Since L(xpk) = L(x)pk then applying L' to both sides of the equalities above
we get

k—

oz =20 (ch xp + 2P )), (22)

=0

H

k

2P oL~ (bp" (p° +1)(xp"" + 2P

) — b (4 xp“)). (23)



Then, using (22)-(23) and o = a,

Lil(x *a) 7! (bp.§+1(xap.§ n xpsa) B bpk-,(p.;Jrl)(pr-, apk+s n xpk:+sapk)
1

E

i k+i k+i i
+> @’ o 2P of ))

™

=0
=L (bPSH (xaps + (xaps)ps) _ bp’“(p3+1)((xaps)p’“ n (xaps)p"’“»
Rt ) k k+1
+L*1(Z ci((xo/’k WPt (wa? )P ))
=0

P wa) + 3 (w0 + (wa? )

|
|
|
—
~—
8
]
bS]

k

S 1 s
(0 + o)z + 5(0[ — P )P
(a+aP)z+ (o — ap)xpk if k4 s is odd

T if k and s are even.

Hence, for k + s odd

LY zxa)xy = ((a—i—a”)x—i— %(a —ap)xpk) *Y

1
2
= % (bpSJr1 ((a+ aP)zy?” + (o +aP)aP’y
o — a?)a? g 4 (o — a?)P 2 y)
_ppt (1) ((a+ o)z P 4 (a4 aP)aP" Ty
Fla—a?)P oy 4 (o - ap)pk+sxpsypk)

+i o

+3 ci((a+a”)2? g7 4 (a+ aP)a? Ty

—I—(Oz _ ap)p'ixpk+iypk+i + (a _ ap)pk+ixpiyp'i))

If k and s are even

L Yzxa)xy = bps+1(axyps + axpsy) _ bp"’(p”rl)(axp’“yp’“’s + axp’“”yp’“)
k—1
" Z o (apzxpzypk+7, " ap1 xpk+7,yp1)
i=0
=L (yxa)*z.

Hence, L(F,2) is contained in the middle nucleus of the semifield Sy and, there-
fore, since nuclei of a semifield are finite fields then the middle nucleus must
have a square order.



Corollary 7. If k is odd and b € Fpx then the PN function (i*) defines a
commutative semifield non-isotopic to Dickson semifields (and therefore it is
CCZ-inequivalent to Dickson PN functions).

Proof. The middle nuclei of Dickson semifields have the order p* (see [15]) which
is not a square for k odd. Since the orders of the middle nuclei of isotopic
semifields are equal then the commutative semifields defined by (i*) are non-
isotopic to Dickson semifields due to Theorem 3.

Hence, we can formulate the following result.

Corollary 8. If k is odd, b € Fy and p > 5 then the PN functions (i*) de-
fine commutative semifields non-isotopic to all previously known commutative
semifields (and therefore these functions are CCZ-inequivalent to all previously
known PN functions).

Further we prove some specific properties of the nuclei of the commutative
semifields defined by (i*) and (ii*).

Proposition 5. Let F' be a PN function of the family (i*) and p® be the order of
the middle nucleus of the commutative semifield defined by F. Then d is divisible
by ged(s, k).

Proof. With notations (18)-(20) we are going to prove that equality (21) takes
place for any z,y € Fp2x and any @ € Fecasr). Indeed, since o’ = o = a
then

k/ s k k+s k+s k
L Yzxa)=L" 1(bp o 2P a) — P PO (P oP T 4P o)
~1

e

+

M

ci(xp ol +aP of ))

.

0
=L 1(bp +1(x04 + (za)? ) — bpk(pSJrl)((xa)pk + (xa)pws)
—|— ci((za)? xa)pkﬂ))
=0
= L' (L(ax)) = ax. (24)

Hence,
L axa)xy =" (azy? +azPy) — b D (azP yp" " 4 ag?" ")
k—1
+ Z ¢ (ap1 xp1 ypk+1 + ap'z xpk+1 yp'z)
i=0
=L (yxa)xx

Thus, L(F a0 ) is contained in the middle nucleus of the semifield S and,
therefore, since nuclei of a semifield are finite fields then d has to be divisible by
ged(s, k).



Proposition 6. Let F' be a PN function of the family (i*) where ¢; = 0 for i not
divisible by s. If p% is the order of the left nucleus of the commutative semifield
defined by F' then d is divisible by ged(s, k).

Proof. With notations (18)-(20) we are going to prove that the equality
LY zxa)xy=L Y zxy) xa (25)

takes place for any x,y € F2x and any a € F eca=.) . Indeed, since o' =af’ =
« then

s s s k s k k+s k+s k

Txa = bP +1(m” + 2P ) — bP (p +1)(xp P 2P al)
is k+is k+is is
+ E cis(x? o F 2P ol )

=" (za + 2P a) — b P (o7 o 4 2P )

k+is

+ Cis (xp“‘ a+zP Oé)

Hence,
L zxy)*xa=aL(L™ (z*y)) = alz*y)
and using (24) we get

L zxa)xy = (az)*xy

_ bpSJrl(axyps + axpsy) " (pSJrl)(Omp’c yp’“” + az? "’

k
y")

k—1

i Z ci (axpm ypk+7,s i axpkﬂs ypzs)
=0

=ax *y).

This proves equality (25). Thus, L(Feca(s.1)) is contained in the left nucleus of
the semifield Sy and, therefore, d has to be divisible by ged(s, k).

Proposition 7. Let F be a PN function of the family (ii*). Then the order
of the middle nucleus of the commutative semifield defined by F is divisible by
ged(s, k).

Proof. For any z,y € F 2 we denote

zxy=F(z+y) - Flz) - F(y)
_ b(xyps + xpsy) + bpk (xpkypk+s + xpk+sypk)

k—1
+C(xypk + xpk y) + Z ri (xp'z ypk+'z + xpk+'z ypi). (26)
=0



and
' k-1
L(z) = 1xz = b(x—i—xpé)—i—bp (xp o Ve x—l—xp —|—Z 7i( xp o). ). (27)
=0

Then the multiplication o of the commutative semifield Sy defined by F is

zoy =L Yz)x L (y), (28)

for any z,y € F .
We are going to prove that for any z,y € F2x and any a € Fpecacan)

(zoL(a)) oy = (yoL(a)) oz,
or, since L is a permutation then, equivalently, we need to prove that
L Y zxa)xy =L Y y*xa)*z. (29)

. s k
Indeed, since a? = aP = a then

LY zxa)=L"" (b(xaps + 2P o) + " (xpk oy a:pk+sapk)
k b k—1 X keti keti .
+C(£E04p + (Ep Oé) + Zri(xplap i + (Ep ’apz))
i=0
k

=Lt (b(xa + (xa)ps) + o (za)?” + (xoz)pk+3)
+c(wo + (xa)pk) + 4_ m((xa)pi + (xa)pk“))

= L Y (L(ax)) = az. (30)

x>

Il
o

Hence,

LYz *a)*y = (az) xy = blazy? + axps y) + b (axpkypHS + axpk+3ypk)

+e(axy?' + aa?y) + Z ri(a? 2y P 2Py

=L Yyxa)x.

Thus, L(F a0 ) is contained in the middle nucleus of the semifield Sr and,
therefore, d has to be divisible by ged(s, k).

Proposition 8. Let F' be a PN function of the family (ii*) where r; = 0 for
i not divisible by s. If p® is the order of the left nucleus of the commutative
semifield defined by F' then d is divisible by ged(s, k).



Proof. With notations (26)-(28) we are going to prove that equality (25) takes

. s k
place for any z,y € F2x and any @ € Fca(s,r). Indeed, since of = o = «
then

zka=b(za? 4 2P a) + " (xpk P AR xp""“ap’“)
k—1
+C(Z‘apk n xpkoz) i Z re (xpts apk+zs i xpk+z.s apm)
i=0
S k k k
=b(xa+ 2" a) + 07 (2¥ a+ 2P
i k—1 »
+C($O{ + z? Oé) + Zris(xp” a4+ P
=0

+Sa)

ktis a)

= aL(x).
Hence,
L zxy)*xa=aL(L  (z*y)) = alz*y)
and using (30) we get
L zxa)xy = (ax) *y

= blazy? + az®y) + b (oza:pkypk“ + oza:pk+sypk)

k+is is

Y’ )

k-1
—l—c(axypk + az?* y) + Z ris(axpwypr + azP
i=0
= a(z*y).

This proves equality (25). Thus, L(Feca:.1)) is contained in the left nucleus of
the semifield Sy and, therefore, d has to be divisible by ged(s, k).

The functions of the family (iii*) define commutative semifields with similar
properties.

Proposition 9. Let F' be a PN function of the family (iii*). Then the orders
of the middle and left nuclei of the commutative semifield defined by F are the
ged(s, t)-th powers.

Proof. For any z,y € Fps: we denote

F(z+y) - F(x) - F(y)

_ xyps + xpsy _ aptfl(xpt yP

TxyY
2t+4s 2t4s t

Pyt (31)

and
2t+s

). (32)

Then the multiplication o of the commutative semifield Sp defined by F' is

L)=1xz=2+a2" —a” ' (a” +aP

zoy =L Yz)x L (y), (33)



for any z,y € Fps:.
We are going to prove that for any x,y € Fps: and any o € F ecaca.ny

(zoL(a)) oy = (yo L(a)) o,
(zoL(a))oy = (zoy)o Lla),

or, since L is a permutation then, equivalently, we need to prove that

L zxa)xy=L" (y*xa)*z, (34)
LY zxa)xy=L " (zxy)xa. (35)

. s t
Since o = o = « then

s s t t ot+s ot+s t
rxa=za? +2P a—a HaP o a2l aP)

= za + (za)’ — apt_l((a?oz)pt + (xa)PzHS)

= L(azx) = aL(z).
Thus,

LYz xa) =LY (L(az)) = oz,
L Y zxy)xa=al(L  (zxy)) = alrxy),

and therefore

L N z*a)xy = (az) xy = azy” +az?y —a? az? y?" " +az? yP)

=a(rxy) =L yxa)xz =L (z*xy)xa,

which proves equalities (34) and (35).

Hence, L(F ,zca(s.v)) is contained in the left and middle nuclei of the semifield
Sp. Therefore, if p% and p®m are the orders of the left and middle nuclei of S,
respectively, then d; and d,, are divisible by ged(s, t).
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