The Hasse-Welil Zeta Function
of a Quotient Variety

1. Introduction

Let V/Q be a smooth projective variety,
G < Autg(X) be a finite group of automorphisms,
W = G\V the quotient variety.
Note: W is usually a singular variety (if dimV" > 1).
Questions: 1) How is the Hasse-Weil zeta-function (y(s) of W
related to (y(s)?
2) How can we determine (G (s) (if ¢y(s) is “known”)?
3) What properties does (yy(s) have? Meromorphic continua-
tion? Tate Conjecture?
Motivating Example: Let V = Xy x Xy product surface and
G = Ag, < Gy x Gy diagonal subgroup, where:
X is the modular curve classifying level N structures,
Gy =GlLo(Z/NZ)/{£1} < Autg(Xy),
Acy =1(9.9) : g € I'n} the diagonal subgroup of Gy.
Thus: W = Zy := Ag, \V is the modular diagonal quotient

surface of level V.

Remark: For N = p (prime), (7 (s) was studied by 5. Mohit in
his thesis (Queen’s, 2001).



2. The Hasse-Welil Zeta Function

Let X/Q be a projective variety of dimension d, and
X /7 a projective model of X/Q.

Then its zeta function is defined by the Euler product:

Ce(s):= ][ (1 - HCXP

re|X|

which converges absolutely for R(s) > dim&X = d + 1. Here
X, = X ®IF, is the fibre of X over p, and (y, (s) is the usual
zeta function of the projective variety X,/IF,,.

If X' /7Z is another projective model of X /Q, then (y/(s) agrees
with Cy(s) up to finitely many Euler factors, i.e.

Cx(s) ~ Cals).
Thus we can define the zeta function of X/Q up to finitely many
Euler factors by

CX(S) ~ CX<S>7
where X /Z is any projective model of X /Q.

Remark. To study the analytic properties of (x(s), it is useful to
factor it into finitely many factors which have (conjecturally)
a functional equation. More precisely;, that

s) ~ [ L(s)"™

where each L,,(s) is the L-function of a suitable rational Galois
representation, but this is known only if X/Q is smooth.



3. Rational Galois Representations

Definition. A Galois representation (of degree n) is a system
p = {pe}ecp of f-adic representations

— cont .
pe: Go = Gal(Q/Q) — Autg,(V), dimg, Vi = n.
Following Tanivama, such a representation is called rational if:

(%) 3 finite set S C P (= set of all primes) such that if p € P\ S
and if £ # p, then

1) py is unramified with respect to p;

2) the characteristic poly. x,(T') = det((1—Tpy(Frob,) ) |Vy)
has coeflicients in Q and is independent of /.

Note: If p is a rational Galois representation, then its L-function

Lip,s) = | [ xpl0™) "

pES

Example 1) If p = LG, 18 the trivial representation, then p is
rational and L(1gg, s) = ((s) is the usual Riemann ¢-function.

2) If X/Q is any projective variety, then for any m > 0 we have
the Galois representation px ., = {px.m.¢} which is defined by
the Galois action on the m-th f-adic etale cohomology group
Vi=HZJ(X ®Q,Q). Moreover, we have:

Fact: If X/Q is smooth, then

1) px.m is rational, Vm > 0 (Deligne, 1974);
2) (x(s) ~ H?TCLZ:O L(px.m, 8)Y" (Grothendieck)



4. Rational A-Module Structures

Observation: The Galois representations px,, come equipped
with extra structure which can be used to construct other Ga-
lois representations.

Definition. Let A be a ring. A Galois representation p = {ps}
is said to have an A-module structure if each V, has a right
A ® Qp-module structure such that

(pe(o)v)a = pe(o)(va), Vo e Gg,a € A.
Thus, each V; has a (Qy|Gol, A ® Qy)-

Then: for any (f.g.) left A-module M € sMod, each V;®@ 4 M =
Vi @aeq, (M ® Q) is a Gg-module and hence defines an /-
adic representation py ® 4 M. We therefore obtain a Galois
representation p @4 M = {p, ®4 M }.

Examples: 1) For any projective variety X/Q with group G <
Autg(X), each etale Galois representation px,, has a A =
Q[G]-module structure because G acts on V; by functoriality.
2) If X/Q is smooth, then the Chow group C'(X) := A%(X x
X)) has a ring structure which induces (by functoriality) a
C'(X)-module structure on each px .

Definition. An A-module structure on p is called rational if p® 4
M is a rational Galois representation, for all M € 4Mod.

Examples: 1) If X/Q is a smooth curve, then C'(X) = End(Jy),
and the C'(X )-module structure on px ,, is rational.
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2) It is conjectured that the C'(X)-module structure on px ,
is rational for any smooth X /Q.

Indeed, this conjecture is a basic assumption in any discussion
of motivic L-functions; cf.

Proposition 1. Let A/Q be an abelian variety and let E =

End"(A). Then for every E-module M € gMod there is an
abelian variety Aj;/Q such that

PAm KRR M ~ PAyms vm > O;

in particular, the E-module structure on pg4,, is rational.

Proof (Sketch). Since [E is semi-simple, we can reduce to the
case that M = Ee is an ideal (generated by an idempotent).
If rg(M) = (1 — ¢)E is the right annihilator of M, then the
above identity holds with Ay = A/rg(M)A.

By (or by for m = 1), pa,, m 1s rational, so the
assertion follows.



5. Quotient Varieties

Theorem 2. Let X/Q be a smooth projective variety, and Y =
G\ X the quotient of X by a finite group G < Autg(X).

(a) For every m > 0 we have

1
PV = p%m = px,m Qgiq] QGleq, where eq = el Z g.
gelG

(b) Each py.,, is a rational Galois representation and we have

2d 2d
Gy (s) ~ H L(/)Y,m,S)(_l)m _ H L(pg;(’m78>(_1)m.
m=0 m=0

Proof (Sketch). (a) This follows from the fact that
HG(Y @ Q Q) ~ H(X @ Q. Q)Y = Hi (X ®Q, Qe

(b) Pick a model X /Z on which G acts, and put Y = G\ X.
Then for almost all p the fibre X, is smooth and ), = G\ &,,.
If also p # £, then we have analogously:

H(Z}(yp ® IETp» Q) ~ H:Z(Xp ® IETpa QE)G — H;?(Xp & IETpa Qi)ec-

Thus, by 's result (applied to &))), all (reciprocal) eigen-
values of Frobenius acting on H?(Y, ® F,, Q) have absolute
value p™/2. Thus, by an argument similar to the smooth case,
one concludes from formula that (b) holds.

Thus: py,, is an explicit rational subrepresentation of px ,,. How
can we relate its L-function to that of px,,?



6. Modular Curves

Let X = X1/Q be a modular curve of level N
= (Xr @ C)" =T\9H",
Q=Qp = HY(X, QL o)~ ST, Q)
E = End’(Jy) C Endg(Q)*”
= QNT, : (n,N) =1}] C E, the Hecke algebra
Recall: Atkin-Lehner theory = every (f.g.) T' ® C-module M

has the form
M~ 5 (crymth
fEN(T)

where NV(I") is the set of normalized newforms of weight 2 of
all levels M|N.

Notation. If M is a T” ® C-module, then put
H L(f
feN(T

where (as usual) L(f,s) = Zan( Jn=*, if f has Fourier ex-
pension f = 3 an(/)q"

Recall: If f € M(I"), then by Shimura (1971) there is an abelian
variety Ay such that

L(Ayg,s) == L(pa,1,8) ~ L(My, s), where My = Z(Cf”.

The following theorem may be viewed as an extension of the
above result.
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Theorem 3. If M € pMod, then M' .= Q®g M € Mod and
) Lipx: @8 M,5) ~ LM ® C, 5).

Conversely, if M’ € pMod, then M = Homy/(T', M') €
gMod and (1) holds.

Key Point: E is the centralizer of T" in €2, i.e. Cqo(T') = E.

Note: The proof of this fact uses results of Ribet (1930); ¢f. my
CMS lecture (Winter 2004).

Application to the modular curve Xy :

Let Xy = X(N) ® Q(Cy) (viewed as a curve/Q)
Q = HO<X, Q%N/@) = QF(N) ® @(CN)
Jxy = Resgey)o(Jx v @ Q(Cy)), the Weil restriction
E = End’(Jx,) C Endg()®

Lemma. There exists an embedding T := T’X( vy —E such that
Z(E) = T' and Co(T’) = E.

Theorem 4. The analogue of Theorem 3 holds for X = Xy if
M € gMod, then M' .= Q ®r M € pMod and
(2) L(pxyi1®g M,s) ~ LM ®C,s).

Corollary. For any subgroup G < Gy = GLy(Z/NZ)/{£1}
we have

Lip\xy. ) ~ L(Q%, 5).



7. Quotients of the Product Surface Xy x Xy

Observation: If XY are smooth/Q and G < Autg(X x Y),
then the zeta function of the quotient surface Z = G\ (X x Y')
is a product/quotient of L-functions of the form

L<<10X,7’ ® IOY,3>G7 S):
for by the Kiinneth formula and Theorem 2 we have that
PG\(XxY),m = @ (px,r ® pY,s>G°
r+s=m
Note that if X and Y are curves, then the only really new term
is L((px,1 @ py1)”, s).
Assume: from now on that X =Y = Xy.
Notation. Let T' = T’X(N) and write Ty, = T' @ C.

If M is any T ®¢ Ti-module, then for f,g € N = N (T'(N)),
let my (M) denote the multiplicity of the T ®¢ T-module
C(f ® g) in M. Moreover, put

LM, s) =[] L(f®g, st
f.geN

where L(f ® g, s) denotes the tensor product (or Rankin con-
volution) of f and g:

L(f 024 g, 5) :L<7Tf X 7Tg, S) :L<287 XfXg>Zan(f)an(g>n—(S+1)

where x s and y, denote the Nebentypus characters of f, g.
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Theorem 5. In the situation of Theorem 4, let M be an E ® [E-
module. Then M’ := (2 ® Q) Qrer M is a T' @ T'-module
and we have

L((,OXNJ %Y pXN,l) OEQE Ma S) ~ L(M/ & Ca S)'
In particular, for any G < Gy X Gy we have

L((pxy1 © pxy1)s8) ~ L(Q® Q)" @ C,s).

Note: There are other interesting subrepresentations of ,0?}?\“1 which
are not of the above form. For example, the symmetric square
Sym?*(px,.1) cannot be obtained by this method since it is not
an £ ® E-module.

Corollary. The zeta-function of the modular diagonal quotient
surface Zy = Ag, \(Xn X Xy) is given by

Czy(5) ~ [C(s)C(s — 1)*¢(s — 2" ML((Q @ Q)3n, s).

In particular, (z,(s) has a meromorphic continuation to the
whole complex plane.

Remark. Since Zy is a regular surface, i.e. b1(Zy) = 0, it follows
that L(pz,.1,5) = L(pxys3,s) = 1. This is the reason that
Czy(5) has no “denominators”.



